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Preface 



^. In the study of plane geometry, various transformations of geometric 
figures often play an important part? Of these transformations, the 
so-called isometrics and dilations are most commonly discussed in 
elementary trratments. An important property of %hcse transformations 
is that tKey' preserve basic geometric classifications: Straight lines "go 
into" straight lines and circles "go into" circles. Inversions arc more 
complicated transformations of geometric figures, under whicli straight 
.lines may be mapped to circles, and conversely. The use of such map- 
' jMi^s allows us to develop a unified method of solution for many of the 
{Jfoblems bf elementary geometry, especially those concerning con- 
structions and pencils of curves. The result is that the theory of inversions 
lends a less artificial character to the interrelationships among types of 
geometric figures. The' approach -use^ in this theory "is also useful in 
'^boundary questions arising itf- elementary and "higher" geometry. It 
' also enables us to provide an jnterpretation of the so;caned Uobachevs- 
kian geometry in the Euclidean plane. There are interesting connections 
between inversions ,and the complex numbers or, more accurately, 
elementary functions whose range and domain are the complex number?. 

This book discusses the inversion transformations and theii' applica- 
tions. To provide the moit convenient presentation possible, the 
material is divided into three chapters. 

in the first chapter, we shall study inversion transformations and 
their applications to questions in elementary geometry. In the second 
chapter, it will be shown 'that the transformatfSns of the first chapter 
can"^ expressed as linear and linear-fractional functions of'a complex 
variaNe. We shall also establish that, conversely, each such function 
defi^a transformation of the plane which reduces to a sequence of 
isomllries and inversions. In the third chapter the foundations of 
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-geometry arc p!^ntcd from fhe standpoint of group theory; using 
these foundations and relying on the material in chapters 1 ajnd 2, we- 
briefly construct Euclidepi plane geometry and Loliachevskian plane 
geometry, \ » i 

) The reader can find a more detail^ presentation of the material 
touched upon here in chapter 3 of Vysshafa ^eometriya [Higher 
geometry ]rby N, V.^EfimoV. 
Thij book is based on l^^ures given by the,autJior at various times to 

' students in Leningrad.* 



1 \ InTersions 

and Pencils of 
^ Circles 



hh Elementary Transfmosi&iQS oi the Plane 

The idea of transforming one geometric figure into another will play 
a fundamental role fn this,book. In this section we Shall discuss figures 
in the plAnc. But first of all, we wish to state pr«rfsely what we mean by 
transformations of geometric figures. Consider a plane, and let us assuftie 
that we have some rule that, for each point X in the plane, determines a 
corresponding pomt X' in the same plane. This rule of correspondence 
(let us &11 it T) is called* a transf6rmatibn of the plan^ and the point X\ 
corresponding to the point X, is called the image of A" under T. Trans- 
fofmations of the ^iane will be written in capital letters. If T is some 
transformation of -the plane, and if A' is some point in the plane with 
image X' under r, we write X' - T{X). 

Suppose we are given ' a trans- 
formation T of the plane and a plane 




figure (for example, a line or a 
circle) F. T takes each point X of the 
figure F into some point X\ its 
imAge. The figure F\ consisting of all 
th^ p<^ints which are ioiages of points 
in F, is called the image of the figure F 
under the transformation T. We 



- . Pig. i \ shall often denote the figure F' by. 

r{F) (see fig. I.l). 
Usually, a point and its image do not coincide. When tfhe point A' and 
its image T{X) do coincide, the point X is called sl fixed point of the 
transformation T. 

The transformation oflhe plane taking each point X into it^lf is 
called the identity transformation, in other words, a transformation of 

1 • . ^ 
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the plane is the identity if and only if all'the points of the plane ar^ fixed 
points. We shall denote, the identity transformation' by the letter /. 
" A*p!|mc figixrc Fis called invariant nndct a' transformation T of the 
^ane if the image of F coincides .with F, that is, if 



F ^ t{F). 




Fig. 



It is important to note that a figure invariant 
Hinder a transfdrmatidn .need not have a single 
fixcd^^int under that transformation. For 
example, if Tis a rotation of the plane through 
some fixed .nonzero angle about a point O, then 
the only fixed point of Tis 0} Thus all non- 
degenerate circles with center O are invariant 
under and yet none of them contains a single 
fixed point (fig. 1.2), 

We sl^I no.w examine the elementary trans- 
formations of the plane in greater detail 



1.1.1. Reflection with respect to a line. We define the reflection of 
the plane with respect to the line I by the" following rule: If a point X 
liSs on /, it is carded into itself. If the point does not lie on I, then 
we take as the image df X the point A" that is symmetric to X with 
respect to the line / (fig, 1 .3). 

The figures invariant under reflection witn respect to the line / are all 
those figures whkrh have the line7 as an axis of symmetry, including / 
itself. Two such ixivari^nt figures arc shown in figure 1.4. 



9 X 













X. x' 
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Fig. 1.3 



Fig, i.4 



I. By a nonzero angle we shall mean an angle whose radian measure is not an 
integral muhiple of Irr. 
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Elementary TYgmsformaihns of the Plane 3 

All points of the Hnc /. and only those points, are fixed points of the 
transformation. ' * • » 

tJ.Z Parallel translation. A parallel transklion of the plane is 
defined by the following rule: SupjKJsc wc are given a scgnvcnt AB of 
the line / in the plane; if the point X docs not lie on the line /, then its 
image X' is the fourth vertex of 'the parallelogram constructed with 
sides AB and AX.lf X lies on the line /, then Jor X' we^takc the point of 
/ such that the line segments AX and BX' arc of equal length si?J the 
line segment XX' has the same length as the -line segment AB, In this 
way the paraifel translation translates each point of the plane by the 
distance AB in the direction moving from A to B.(fig. 1,5). In terms of 
vcc,tors, ^ch point of the plan6 is translated'by the v«nor AB; that is, 
for each point X in the plane; the vector equalify XX' = AB holds 
(fig. 1^6), 




Fig, 1,5 Fig. L6 



If the vector AB is tHe zero vector (that is, if the point A coincides^ 
wfth the point B), then the parallel translation by the vector AB is the 
identity transformation. . " 

Lei 7 be a parallel translation by a nonztro vector AB. It is obvious 
that T has no fixed points. Figures invariant 'under T include, for 
example, all lines parallel to4he line'determined by the' segment AB, 
There are many other invariant figures; figures 1.7 ^nd 1.8 depict 
figures L and Q which are invariant under T, The curves and Qu are 
the images of the curves L^, ^ i and Q^, - 1, respectively. 

1.1.3. Rotation about a point. Let O be ^ given point in the plane and 
a (read alpha") a given angle. We define the rotation of the plana 
through the angle a about the point O by the following rule; If X i^ an 
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Pig. 1.8 



arbitrary point in the plane, we rotate the line segment OX about the 
point O through the angle a (if a > 0, the rotation is counterclockwise,, 
and if a < 0, the rotation through an angle \a\ is clockwise). The, 
resultant endpoint X' is taker! as the image of A", The point O is fixai ia 
such a rotation* 

If a = 0, the rotatiorl is the identity transformation. 

Let r be the rotation about the point (9* through sohie nonzero angle 
a. it is obvious that the only fixed point of the transformation T is the 
point O. Circles having O as Cheir center are invariant figures under this 
transformation. If the angle a has Jhe radian measure 



where*/? is a natur^i-Ruriiber, then a regular m-gon inscribed in a circle 
with cente> O is invariant undef^Z^and only if the'num'ber 6r sides m 
is divisible by n (fig. K9). In figure 1.10 we see a mora complicated 
invariant figure.- • • ' - 

1.1.4^ Isometry. An isometry is^a transformation of the plane <vhich 
preserves " distances betweea.poiots. That is, T h an isometry if and 
ocly if for any^ pair X and Y of arbitrary points in the plane, the line 
segments A'K and 7^(^)7(7) are V equal Irngth (or, et}uivalent}y, 
the distanccs^jr r and TiX)T{ are ec(<al). We require farther that the^" 
tr^sformation The we to oneznd*onto\ that^s, that ever^-point in the 
plane be the image of -gomfc other point {T is onto*) and that no two 
distinct points ^ave the same image, !ti$easy to see that all of the trans- 
formations described above areisometries. In a certain sense the con- 
verse is true: It can^be shown that any isomefry is-either a rotation^ a 
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■' Fig. 1.^ ■ Fig. 110 ' I ' 

parallel translation,, a reflection with respe<i|,t» a.iilie, or some cojn- 
position (successive application) of these. 



IXS. Dilation, Let us fix some^int 0*in the plane, and let > 0 
be some fixed number. The dilatio^ with center O and coefficient k is the 
transfonna|ion of the plane whic^h takes the poipt O into itself, and 
lakes any^iU X different from^O into the point lying on the ray 
(half-line) OJC and satisfying * ' . 

pX' =k6x. 

If = 1, then the dilation is the identity transformation. If A U 
then the only fixed pointy of the transforfiation is the center of the 
dilation, the point O. w/ note that if < I, a given figure "shrinks" 
under dilation, while for A: > 1, it "expands." Rays having their initial 
points at the center of the dilation are clearly invariant under dilation. 

It is possible to exhibit, in a fairly simple way, a more complicated 
invariant figure. Let /"be some figure in the plane (fig. 1.1 1). We ^note 
by mF the figure F' which is the image of /" under the dilation\with 
center O and coefficient m. Given the dilation 7' with coefficient k\v\d 
center O, we consider figures 

..SY^F,^,F,...,\F,F,kF,..:,k^-^F,k'^F,...: 

TKe figure G, representing the union of aii these figures (fig. 1.12), as is 
easily shown, is invariant under the transforrhation. T. 

Finally, let us make use of the concepts of isometry and dilation to 
foPtnulate precise and general definitions for the terms congruent and 
similar, which play an important role in elementary geometry: 




6 * Invcr^ons ami Pencils of Circles • * 




Fig, 141 Fig. 1.12 



Two figures Fi and Fa are said to be congruent if there exists an 
isometry taking the figure into Fa. The figures F^ and are said to 
l^^milar if there exists a dilation taking the figure Fi into some figure 
F^hich is congruent to the figure F3. 

1.2, StereogmpUc Proj^cMi: Hie Point at Infinity of a Plane 

The concept of a transformation, considered in §1.1 for the plane* 
ciearry ext€fnds to any geometric figure (including subsets of the plant 
and of three-dfmensional Euclidean space). If the image of the figure M 
under such a transformation T covers the entire figure A^, we say that T 
is a transformation of M onto N. : ^ 

In the study of the inversion transformations, it is quite useful to 
examine one particular transforms^tiori df the three-dim1|nsional sphere 
onto the plane. This transformation is called the stereographic projection 
and is defined as follows: Let Af be a sphere and P a plane tangent to K 
at a point 5 (fig. 1.13). The point 5 will be called the south pole of K, and 
the diametrically opposite point the north pole. Let be any point of 
K other than N: Then the point X* at which the ray NX intersects the 
plane P is taken to be the image X, Clearly, the entire pl^ne P is 
i^vered. Thus, the stereographic projection transforms the sphere K, 
minus the point N, o^ito the entire plane P. ^ ^ 
■ Let us consider how the image of the point X on the plane P changes 
as X approaches the point A^. From the |jmilar right triangles X'NS 
and SNXiH' 1.14), we have ^ 

sr_ _ xs^ 

I^S ^ NX' 
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Hence, ^ 

Let r be the radius of the sphere K. Then; for a point X sufficiently close 
'to tS^ north pole XS > r, and therefore 




Fig. 1.13 Fig. L14 . 



(since ^5 ^ 2r). It is obvious that as the point A' gets arbitrarily close 
to the point (A^A' approaches zero), the length of the line segment,/ 
SX' increases' without bound, so that the point X' gets unboundedly 
further av^ay from the point Consequently, the point cannot go 
into any^point of the plane P under the stereographic projection^ In 
order to extend the stereographic projection to the entire sphere that 
is, for the north pole N to be given an image in the plane we must add 
a new point to P. The added point is called the poinf at infinity. Now, 
letting the north pole N go into the point at infinity we find that t 
stereographic projection takes the sphere K onto the plane P. • 
Let us considqr some of the profx;rties of the point at infinity 
be any straight line in the plane 7^ Wc consider ;he plane thr^ 
point ancj the line /-{f^g- l-iS), this plane inftrsects the s ^ 
some circle / passing through the point N. The line /' is 
image of the circle / under the stereographic projpctiorj 
hand, the image of every circle- on the sphere A' pa.« 
poii^t A^ is represented by a line in t-he plane P whic 
of the plane determined by the circle A and the p 
the stereographic projection establishes a one 
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Fig, 1.15 

" between the set of all circle on the spherl passing through the ffoint 

and the set of all lines in the plane P, Therefore, any line in the plane 
P contains the point 0« (and thus aii lines intersect at 0^% which is fiic 
stereographic image of the point N. 

Let l\ be a circle in the plane PAf r' is the radius of and d is the 
distance from the south pole 5 of the sp/here K to the center of /I, then 
the distance from 5 to any point of is no greater than d + r'. Therc- 
' fore, no circle in the plane P contains the point at infinity. 

As we know, any three non9ollinear points determine a circle. Lines 
in the plane are similarly determined by three points, two of Which may 
be chosen arbitrarily and the third of which |s the point at infinity. 
Therefore, a line may in a certain sense be regarded as a circle having as, 
one of its determining points the point at infinity. 

Nbw consider the set of all circles on the sphere K whose planes arc 
parallel to the plane P. We shall consider this set contain the points 
5 and N as degenerate circles of zero radius. The stercographic projec- 
tion of thi^ set of circles (fig. 1 . 1 6) is the set of all concentric circles in the 
plane P with center 5, which includes the po^ntj5 (fixed by the stereo- 
graphic projection) and the point at infinity (the ster-^ographic image pf 
.the point N), Since the point of tangency of the sphere K and the plane 
P could be any point of P (simply make the proper translation of the 
sphere K parallel to the plane P), we can consider any system of > 
concentric circles to contain the common center of all the circles and the? 
point at infinity. \ • / ', 

^ ^ ^13. Inversions ^ / , 

Let us fix a circle in the plane P with center O and radius/r. An 
inversion of the plane with central point 0 an^i radius r i^'ihe tramforma- 

/■ / 
'I- / 

16 . / /■ 
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Fig. 1.16 • / 

tion of the plane determined by the following rulfe: A point A" different : 
from the points 0 and is carried into the point Jf'.ciii. the ray OX 
which satisfies the equation V . 




, and the point O^ is 



■{fig. 1.17); the point O is taken into thg jjoint 
taken into the poifit O. 

The circle depicted in figure M7, with ra^iilis r and center O, is callc^ 
the circle of inversion. If X lies on {he cir^ of in versioa, then OX = r 
and; consequently. 



OA'' - 




Since the points X and X' both }iyon the ray OX, the points X and A^' 
coincide. It follows that ail the p9ints on the circle of inversion are fixed 
points and that the circle-of inversion itself is an invariant figure. 

' A point different from O lying inside the 
olrcle of inversion is taken by the inversion 
to a point lying outside the circle, and, 
conversely, a point different from lying 
outside the circle of inversion is carried to 
a point in the interior of the circle. 

In the first case, we have OX <; r, and 
thus ' 




Fig. 1.17 



OX' - 



OX 
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verifying that the point X' lies outside the circle of inversion. The 
second case is considered analogously. 

Thus, any point Xancfits image X' lie oirthe ray OA" and on differtht 
sides of the circle of inver^fin» if, of 6purse, X 6oesnot lie on the circle 
(fig. 1.17). ^ ^ ' ? 

If the point X gets arbitrarily close to the point O fpx approaches 
zero), then its image, the point X\ becomes unboundedly distant from 
the f)oint G, This is clear frcm^the relation ^ 



OX' F= 



OX 




Fig. .1.18 



' 4 



<fig. 1.18). It follows that the 
point X' approaches the pcunt 
^ set infinity. Analogously, we can 
-^7^)00 ' show that if a point X is made 
^ arbitfarily distant from the 

•i ; ■ 

'^v. point O, its image X' becomes 
arbitrarily close to the point O. 
Thus the definition of the in- 
■ ^ version, which determines (9„ 

as the image of C? a^d'cof>versely, is 4 natural one. 

Let A' be a point-tjifferent from O and 0«, and let'T be the inversion 
of the plane \4'ithi;entral point O and radius r. Wer denote T{X) by X' 
and T{X') by A". Then all the points X, X\ X' lie on the same ray OX 
and satisfy the^.equations 



OX' 



OX ' 



ox- = 



OX' 



It follows that 



OX" = 



OX 



= OX 
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Jhus, if X is an arbitrary point of the plane difierenl from the^<:enter of 
the inversion and the point at infinity, then the operation T iterated 
twice takes the point X into itself. If the pcrint X is the point O or the 
poi'nt at infinity, the result is the same: Under two successive appjica- 
'tions of the invention 7, the point X is taken into itself. This is a direct 
Consequence of the defirtilion of the inversion. It can be forrpulated in 
the following theorem: 

Theorem 1.1. A transformation of the plane which is the composition 
of an inversion with ttself is the identity transformation. 
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,^ 

Finally, we remark that if the inversion T takes the*point X into the 
point X\ then T also carries tiie point X* into the point X\ that is, X 
and X' trade places. We recall that reflections with respect to a line 
havelhe sarfie property. This is the reason that inversions are sometimes 
called reflections with respect to a circle. 



In\i 




1.4. Properti^ of laversicms 

lis section wc shall fix Tas the inversion on the plane with center 
O STid rkdius r. ' ^ , 

First we shall prove a simple lemma which plays an important role in 
the $tudy of the properties of inversions. 

Lemma 1 . L Suppose the points A and B in the f^lane are different fi^m 
each ot)ier and from the points O and O^, and that thej}oints A, and B 
are noncollinear. UtA\ = t{A) and B'' = TtB):l^/he triangleshAB 
and OB' A* afC similar, with corresponding parts l^icajed by the letter 
orderingsOABandOB'A\ ^ 

Proof The triangles OAS anfe OB'A' (fi^. 1,19) have a comr 
angle, and tlie sides inchiding the angle are proportional. To shoj^^^is, 
we note that since 

OA. OA' = r^'-^ - OB- OB', 

we have ' . - 

OA ■ 
OB " OA' ' 

It follows that triangles OAB and OB' A' are similar. However, in 
* similar triafigles, equal kngles lie opposite proportional sides, so from 
the ratio . *^ 

• ^ OB OA* ■ ' 

we get equaljty of the corresponding angles: 

^OAB = lOB'A' 
LOBA - l^OA'B\ 

proving that the letter orderings 0/1 i? and OB' A' indicate cofrespon^ng 
parts. 
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Theorem 1.2. The inversion T carries my Uhe passing through the 
center of inversion into itself; that is, a line passing thrpugh the center of 
the inversion is an invariant figure. . 

The proof of this thcprcm follows easily from the definition of an 
invorsionl 

Thkjrem 1.3. The inversion T takes n line not passing through the 
center of inversion into a circle passing through the ppint O. • 

> • Proof. Let / be a line not passing through the center of inversion O. 
Drop a perpendicular from the point O to the line /, and let its inter- 
section with / be the point M (fig. 1.2iO). Let M' be the image of the 
point M under T. The point M' clearly lies on the ray^^Af. Consider an 
arbitrary point A' (different from 0«) on the line /; let X' be the image 
of V under r. 3y lemma 1.1, we have 

* * 

LOX'M' = /_OMX = y' 

Therefore, by an elementary geometry theorem concerning right trir 
angles and diameters of circles, the point X' lies on a circle A: having the 
line segment OM' as a diameter. Since this statement holds for all 
points X on the line /, Che image of the line / under T, l\ is contained in 
the circle K. * * 

Now we must prove that the set of points /' actually coincides with, 
the set of points (5f the circje K; that is, that K is also contained in /'. 
First let us remark that the point O is contained in the set since 0 is 
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the image of 0„, which is contained in /. Now let K be an arbitrary 
point of the circle different from O. The my OY intersects the line / 
at some point Z ; we claim that the point Y h the image of Z under T. 
Since the points Y and Z lie on the same ray^OZ, we nc«l only prove 
that y satisfies ^ ^ 

By construction,. the triangles OYAf' and O^Z^^. IJ^) are similar, 
therefore, * 



Hence, 



OY^^QM M / 

* i 



oz ^ oz ^ ^ ;^ > 



the desired result. Thus, Y is the im^ge of Z under Since this is true . ^ 

for all y on the circle K, K is contained in l\ and since, by the above, /' 

is contained in K, we conclude that the image of / coincides with /T, thfc 

assertion of the thfeorep. ^ # ( 

The constructions carried out in the proof of theorem 1.3 enable ur ^ 
to construct the image gf a given line under the inversion 7" using only a 
compass and straightedge. Fiiom the center of the.inversion — the point 
O-^we^drop a perpendicular CM (fig. 1 .20) to the line /. As before, we 
constructthepointAf', which is thq image ofAf (by constructing a line ^ 4 
segment of length r^jOM along the perpendicular). The imagip of the 
line / is the circle /' constructed with the line segment OA/' as a diameter. 

In the special ca^ where the line / is tangent to the circle of inversion, 
the points M and Af' coincick, and the circle /' is constructed with the 
line segment ^ a diameter. If / mtersects the circle of inversion in 
two points JlTand -T, then since O is necessarily on the circle K l\ K 
is completely determined by O and the fixed points X and K. ^ 

r 

^Theorem 1.4. The inversion T transforms a circle passing through the 
center of inversion O into a straight line not passing through O. 

The proof follows from the fact that the composition of T with itself 

is the identity transformation and from theorem L3. 

/ 

TraoREM 1.5. The inversion T transforms a circle not passing through 
the center of inversion 0 into another mrcle not passing through O. 
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Proof. Let J^L be a circle not passing through O, We construct a line g 
through the poijit O so that it intersects the circle ^ iit a diameter AB 
(fig, 1.21). Let A' and\S' be the images of the points A and B under T, 
X an arbitrary point on the circle A: different from A an4 5^and X' 
its image. " . ^ 




- By lemma 1.1, the triangles O^A and OA'X' arc similar, so that 

f- ^. 

l_OA'X( - /^OXA . 

#• 

\ ' ■ 

Analogously, the triangles OA'Barid OF:A"aresimiIar,and consequently 

LOBX' = /,OXB. 
Since . . ' * 

Z^A'X'B' = lOB'X' - LOA'K' = yOAj|P- 1.0XA 

■' TT . " ' 

= LAXB = 2 • 

it follows that A" lies on a circle S having the line segment A*B* as a 
diameter. Since A' was an arbitrary point of the circle A:, the image K' 
of a: under T is contained in the circle 5.'To show that coincides 
with S, we must prove conversely that^'is contained in K\ Let Y be an 
arbitrary point of the circle 5 different from A' md B' and Z the pojnt 
on the ray O Y satisfying 
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It is obvious that the poin/ Z is taken by the inversion T onto 
tne point Y. Further, since the points A\ h\ and Y arc the images 
-under T of and Z /respectively, lemma LI allows us to conclude 



Consequently, the point Z lies on the circle K. It foIlowsTlfet the figures 
5 and K' coincide By construction, thc^'cndpoints of the diameter of the 
circle /l— the points A and 5— are different from 0 and are located on 
the ray OA. Therefore, the circle K' does not pass tJirough the point O 
(or,- alternatively, if K' were to pass through C?, Ayovould have to pass 
through ; yet no circle contains 

The constructions performed above enable us^to construct the image 
of a circle under an inversion with, compass and straightedge. Let us 
consider this question in greater detail. 

Case A. The circle K does not pass through the center of inversion. In 
this case, we construct a ray from the point O which intersects the 
circle Kin a diameter AB. We then construct A' and B\ the images of 
the points A and B respectively. The circle A^', the image of the circle* A" 
urtder the inversion is just the circle with the line segment A'B' as a 
diameter (fig. L22). 









K' 








\ / 









• A 




Fig. 422 



Fig. 5.23 



^ Case B. The circle K passes through the ceftter of the inversion. In this 
case, by theorem 1.4, the image of A' is a line^'. We construct the ray 
04 from the point O (fig. 1.23) which intersects K in the diameter OA. 
We then construct the image of A, A'. The line perpendicular to the ray 
OA at the point v^'- is the desired line K' . \ 
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The constructionof the line ^T'.can, be significantly simplified in two 
instances: 

L If the circle K intersects the circle of inversion in two points B and 
C, then the line K' coincides with the line determined by segment BC 
(fig«I24). . 

2. If K is tangent to the circle of inversion at some pomt, tl\en the 
line K' is t^gent to the circle of inversion at that same point (fig. 1 .25)- 




K' 

Fig. 1^ Fig/lJZ5 



We shall now consider how angles between curves arc affected by the 
operation of an inversion 7. As we know, the angle between two curves 
Li and at their point of intersection is the smaller of the angles 
between their tangents at that point. It can be shown that an inversion 
preserves the angles between curves. We shall prove this statement 
below for the cases of circles and straight lines. 

Theorem 1.6. Under att inversion T, the angle between straight lines 
is equal to the angle betweert their images. 

Proof. Three cases can be presented here; 

!. The lines A and I.2 botj) pass through the center of inversion O. 

2. Exactly one of the luics, either /; or passes through the center 
of inversion O, 

3. Neither A nor k passes through the center of inversion 0. . 

In the first case the theorem is obvious. Let us consider cases (2) and 
(3). In (2) (fig. 1.26) \iM^ssume, without loss of generaKiy, that the line 

passes through the cirUer of inversion O and that the line 4 does not. 
Then the inversion 7' takes the line A into itself; that is, the image of A 
coincides with li. The line does not pass through the center of the 
inversion and, therefore, is taken by the inversion into a circle Z!^ passing 
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tbroiJlgh the point O. The tangent t to the cii^cle at the point O is 
parallel to the line 4 (fig. 1.26), — 

With respect to the relative position of the lines and /a, there are • 
two possibilities: 

a. the lines and 1^ can be parallel; . ; 

b. /i anti intersect at a point A. ^ \ 
If /i and I2 arc j>arallel, the angle between them is clearly zero. But 

the line /i passes through the point O and is parallel to /j. Therefore, it 
must coincide with Jfhc tangent t to the circlc^jjj^t the point O, It 
follows that the angle between and is equal to zero, and conse- 
quently tke theorem is proved for the case (a). 

Now let li and^ be nonparallel, with A their point of intersection. 
Let a be the smaller of the angles between Ix = and the line /a, which 
is equal to the angle between and the line /. The point A is taken by 
the inversion into some point A' which is the intersection of the line ![ 
and the circle /^^ But the line /^^^ the^pe OA' must intersecythe 
tangent /' to the circle /s at at the^Jmne angle at which U intersects 
the tangent / to I2 at O. Since / is parallel to l^, this angle is a, and the 
proof for case (2) is complete. 

The third case (fig, 1,27) may be proved analogously. We remark 
only that if the lines A and /g are parallel, the corresponding circles /i 
and 1*2 are tangent at the point O and thus intersect in a zero angle, the 
same angle as is formed by the parallel lines /j and l^. If th(i lines and 
4 intersect, then, as is evident from figure 1.27, the angle between the 
circles /I and at the point O is equal to the angle between the lines 
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and /a, I since the tangents and /a to these cirdes at the point O are 
parallel 1o the lines li and 4 respectively. This cWiplctes the proof of 
the theorem. >^^^ 

We leave the proofs of the following theorems to the reader as useful 
exercises: 

Theorem 1.7. The angle between two circles is equal to the angle 
between the images of these circles ^der an inversion. 

Theorem 1.8. The angle between a circle and a straight line is 
equal tS the angle between the images of these figures under an 
inversion. ^ ^ 
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1.5. The Power df % Point with Respect to»a Circle: 
Tiie Radical Axis of Two Chxles 

The concept of the power of a point with reference to . a circle, which 
is analogous to the concept of the distance from a point to a straight 
line, will be essential in the discussion below. 

Let a: be a circle of radius r in the plane, M4M|j^tTary point in the 
plane, and d the distal^ce.from M to the center 0 of the circle K. The 
pomr of the point M with respect to the circle K is defined as the number 

If the point M lies inside the circle A:^ then d < r, and the power 
5 = f/3 _ of A/ is negative. The segments of the diameter on 
which M lies are of length r- 4 d and r ~ d. Thus, by a theorem of 
elementary geometry, for any chord AB of the circle K Which contains 
Af (fig. 1.28a), we have 

S = </a _ ^2 ^ _(;.2 _ = + d)ir - d) ^-AM-MB. 

'If the point M lies on the circle A:,*tRfen d = r, and the power of M is 
zero. Finally, if the point M lies outside the circle K, then d> r and 
S ^ d^ - r^, which is the square of the length of the tangent segment 
from the point A/ to the circle AT (fig. 1.28b), is positive. 

Suppose we are given two dtfcles Afj and K^. The locus of points 
whose powers with respect'to the two circles are equal is called the 
radical axis of the circles iC^ apd K2. 

We have the following theorem: 

Theorem 1 .9. IfK^ and K.^ are rwnconcentric circles, then their radical 
axis is a straight line perpendicular to the line determined by their centers. 




(a) (b) 
* Fig. 1.28 
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Proof. Let 0, and r^SPi and be the centers and radii of the circles 
/Ti and A'a respectively. Lit and be the distances from an arbitrary 
point Af to the centers 0^ and Ot respectively. Then the power of Af 
with fespect to ATi is 

and the power of M with respect to is 

M lies on the radical axis of and if and only If 
# 

• that is, 

d^ 

This is true if and only if 

d^ 

The right side of the above equation is a constant, since and fa are 
fixed. Thus the locus of the radical axis of and is the set of points 
M for which 

d^ -'di =^k, 

where A; is sohie constant and d^ and 4 are as defined above. Without 
loss of generality, we may assume that a 0, since otherwise we can 
simply change the roles of the circles and and arrive at ^ > 0. We 
claim that there is a unique point 5 on the line of centers OiOi satisfying 

Clea/ly, since A: > 0 implies O^S S O^S, such a point S (if it exists) 
mu^ coincide with or lie to the right of the midpoint H of the segment 
OjOa (fig. 1.29). Thus, if 5 exists, either 

(1) O^S + O2S ^ O^Oa ; oA 

(2) Oi5 - OaS = OiOa . 

s s 

.0 o o , o o 

O1 ■ H O2 , 

Fig. 1.29 
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If 0 ^ A: 5 (OiOaf, then since A: = {O^S'^ OsS)(0,S - O^S), case 
(I) must hold, so that there exists a unique point S on the segment HO^ 
satisfying 

Analogously, if > {OM^ case (2) holds, and there is a unique point , 
S lying to the right of (?a satisfying 

k = + O^^SXOiS - O3S) = iO^S + OaSXCiOa) . 

Now let A' be an arbitrary point on the radical axis of and K^, 
that is, a point of the plane satisfying 

OiX^ - = k. 

Let Y be the projection of X on the line OiOa- By the Pythagorean 
theorem, we have (fig. 1.30): - 



0,X= - O.Y'' = ^Y^; 
Oa'' - O^Y^ = XY''. 



It follows that 




Therefore, 



0,y« - OaA'' = k. 



(l?t) 




>^ince K lies on the line OjOa and 
satisfies the relation (I.l), it must 



coincide with the point 5- Thus, the 
point X lies on the perpendicular / to 
the line of centers at S. Con- 

versely, it is easy to show by a 




The desired locus of points is thlis a line perpendicular to the line of 
centers, and the theorem is proved. 
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Wc now consider the construction (by straightedge and compass) of 
the radical axis of two nonconccntric circles. As above, wc assume that 
the circle with the larger radius is Ku so that 

k - r," -ra^^O. 

As shown above* if and ^2 are the centers of Ki and and H is 
the midpoint of OiOg, then ^he radical axis of the circles Ki and is 
perpendicular to the line C?iC>lat the points, which lies to the right of 
H. The construction of the radical axis is thus reduced to the construc- 
tion of the point S on the line (?%(?2- 

We^shail now consider the comtruction of the radical axis / given the 
circles A^i and in three cases: a - 

1. and Kq intersect at two ^ints A and B (fig. 1.31), Since the 
powers of points .4 and B with respe^tto both circles must be zero, 
the radical axis / must coincide with the^ straight line AB. (In this case, 
the radical axis intersects the line of centers in an Jnterior point 
of the segment OiO^.) < - 

2. Ki ami K2 have a unique common point A, at which they are 
tangent (fig* 1.32). The power of the point A with respect to the ciiyles 




Fig. 1.31 ^ Fig. 1.32 



and K2 is zero; thus the radical axis / passes through the point A, and, 
since / is perpendicular to the line of centers OiO^y it must coincide 
with the common tangent of and at the point A, (In this case the 
radical axis also intersects the segment O1O2 in an interior point.) 

3. The circles and K^^ iiave no points in common. We shall 
separate this case into two subcases: ^ 

a. The circles and K2 are situated outside one another (fig. 1.33). 
We draw fwo common tangents to and A'2, PQ and RT, with mid- 
points //i and //2 respectively. Since the power of a point X which lies 
outside the circle Ki (with respect to Kx) is equal to the square of the 

3r, 
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length of the tangent extended from X, the midpoints Hi and //q have 
equal powers with respect to each of the drcles Ki and K2 and, con- 
scquently, lie on and determine the radical axis /. It is easy to see that 
Ki atid K2 He on different sides of the radical axis /. (In this case, too, 
/ intersects the line of centers at a point in the interior of the segment 
OM 

b. The circle K2 lies inside the circle Ki (fig. 1.34). In this casCy 
^ fx - > so that 




Fig. 1.33 Fig. 1.34 



Thus the point S (at which the radical axis intersects the line of centers) 
lies to the right of O2 (as shown above), and satisfies 

Setting ^ r, this becomes 

0,S + O2S - kjc . 

Since S lies to the right of O^, O^S - O1O2 + O^S c ^ O.^S, and 
the equation above becomes 

c + 20^5 - A/r, 

or 

0^5 - kl2c -'c/2. 

Since k is constructible from ti and and r is given, the length O2S is 
constructible; since the line 0^02 and the point O2 arc fixed, it follows 
that the point S (and thus the line /) is constructible. /■ 
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In this case, the radical axis / lies outside the cirde K^, aitt thus both 
Ki and K2 He to one side of L 

In each case, then, the radical axi$ / can be constructed by straightedge * 
and compass from the circles Ki and K^* ' \ 

In closing, we remark that the locus of points whose tangents to?^i 
and K2 are equal is, in cases 2 and 3, the entire radical axis, and, in case 

all the points df tl?c radical axis outside of the line' segment AB 
(where A and B are the points of intersection of the circles Kx and ^2). 

1.6. Application of Inversions to the Solution of Construction 

Problems 

The use of inversion transformations makes possible a number of 
elegant solutions to classical construction problems in geometry. We 
shall consider below problems which require t|ie construction of a 
circle tangent or orthogonal to one or several circles. 

I. Problems on tangents to circles: 

Problem /. Three nontangent circles, K^, K^, and Xg, intersect at 
some point O, We wish to construct all circles tangent to the circles 
Ku A:^, K:,. It is not hard to see (fig. 1.35) that the problem has four 
solutions (in fig, 1.35 they are shown by dotted lines). 




The method of inversions allows us to imd these solutions easily. 
Let T he an inversion with center O and radius r such that the circle of 
inversion intersects the circles A'j, A^, K^^ in pairs of points Au B^; 

B2: A:^, Bm respectively. Since the circles A^^ A'.^, A'^ all intersect at 
the point O, the inversion 7* takes these circles into the straight lines 
AiB,, A2B2., and Aj^By, since no two circles are tangent, these lines 
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intersect pairwisc. Thus our problem is miucwl to •constructing all 
circles which are tangent to the lines ^2^3, ^43^3. Clearly, there 
will be one such inscribed and three such circumscribed circles for the 
triangle DEF which is formed by these lines. The construction of thc^ 
circles is not difficult, and, by the rule given in sec. 1.4, we may con- 
struiit the images of these four circles under the inversion T, IThs yields 
the required circles. 

Problem 2. Construct all circliK which are tangent to two given 
circles A^^ and and pass through a given point O, lying outside 
and 

Suppose R is one of the d^mi circles. Let T be an inversion with 
^ center O. Then r<^rries ^1 and into cin:les K'l and K'^ respectively, 
and the circle R into a common tangent B!. It is now obvious that the 
solutions to the problem are circles which are the images of the common 
tangents of the circles K'l and under the inversion T. Since there are 
four of these tangents^ the problem has four (constructible) solutions 
(fig, 1.36). 

Problem 3 (ApoIIonius's problem). Construct all cjircl^ tangent to 
three given circles Ku and K^, ^ 
^ ^e shall present two solutions to this problem, V 

First solution. Suppose the circle L, with radius R, is one of the 
desired circles (fig. L37). We connect the segment OiOq from the 
centers of the circles Ki and and draw circles of radii f 1 + s.r^ + s, 
and rg + s around the points Ou O^, and O3, respectively, where ru r^, 
dud are the radii of A:^, K2, and 

\ . , = ^ 

We denote the constructed circles by Aa, ^Tr^pcctivcly. Let £ be 
the cjircle concentric witli L having radius R = R — s. It is clear that if 
we can construct the circle L, we can easily construct the circle L. It is 
obvious that L is tangent to the circles ^1, ^2, Kz- The circles Ki and ^3 
are constructed so that they are tangent to one another at some point D. 
Let r be an inversion with center D and radius r such that the circle of 
inversion intersects the circles Ki and Kq. The inversion T takes the 
circles and ^3 into a pair of parallel lines /i and 4, and the circle ^3 
into a circle K^^ The circle L is taken by the inversion T into a circle L', 
which is tangent to and to both the parallel lines Ix and l^. In this 
way, the solution of Apollonius's problem has been rcduc^ to a 
simpler construction problem : to construct all circles tangent to a given 
pair of parallel lines and to a given circle. 
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ig. 1.37 

We leave the solution of this problem to the reader and suggest that 
the reader verify that the pair of circles Ki and K2 or and A'3 could 
be used in place of the pair Ki and Kq in the above^construction. 

Second solution. We shall perform an auxiliary construction that 
Nviii reduce ApoHontus's problem to problem 2. Suppose, without loss 
of generality, that the circle Afg has radius satisfying ri > and 

> Suppose L is one of the circles tangent to the circles K^, K^, and 
/fa. We construct the circles and K^y with centers Oj and and 
radii Px = ri - ^3 and = - r^, respectively (fig. 1 .38). The circle 
Z, constructed with center O and radius p = /? + rs, where B is the 
radius of L, will be tangent to ^1 and Kl and will pass through the point 
Oq. Construction of the circle Z is given in the solution of problem 2. 
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The constructed circle L is concentric with the desired circle L and 
has a radius which is larger by fa.. The rest of the solution is left to the 
reader as an exercise. 

11. Construction of a circle which intersects given circles orthogonaily: 
We shall say that two curves intersect orthogonally at a point M or that 
they arc orthogonal at the point M if the tangents to these curves at the 
point M are perpendicular, ^ 




Problem 4. Given two nonconccntric circles Kx and K^, we wish to 
construct all circles orthogonal. to and passing through a given 
point M. • 

^lie solution to. this problem is broken down into a number of cases 
depending on the relive position of the circles ^2* and the point Af : 
a! The circles and intersect at two points A and B (fig. 1.39a). 
It is obvious that if M coincides with one of the points A or B, then the 

, desired circle k can exist only if one of the circles we are considering has 
zero radius. Therefore, in what follows we shall examine the case where 
the point Af is distinct from the points A and B. 

Let r be an inversion transformation with center A and radius 
r = AB. Then T takes the point M into some point M\ the point B 
remains ui^hanged, and 'the circles and are transformed into 
distinct straight lines and K2 passing through the point B (fig. 1 .39b). 
Tlie image k' of the desired circle k under T must be a circle or a 

^straight line orthogonal to the nonparallel lines K\ and and passing 
through the point M\ which is distinct from A and B. It is obvious that 

^ there is only one circle satisfying these conditions (there is no line /c^ 
satisfying the above conditions). This circle has center B and radii^ 
BM\ We denote this circle by^' (fig. 1.39b). Since tvfo iterations of the 
inversion T yield the identity transformation, the image of the circle K' 
under T is the desired circle /c. In solving the problem in this case we 
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Fig. 1.39 (b) 



have established that there is a unique solution regardless of the 
position of the point 

b. The circles and A^a are tangent at a single point A. 

If the point M coincides with the point A, the problem has infinitely 
many solutions: first, the line of centers O1O2 of the circles Ki and Kq 
(fig, 1 ,40), and, sroond, arty circle with its center on the common tangent 
of Ki and which passes through the point A. 
' ' Now let M be any point in the plane other than A. Let T denote the 
inversion transformation with center A and radius r = AM. Then 
the inversion T^fixcs^c point M and takes the circles Ki and into the 
parallel lines K[ and K2 (fig. 1.41). The imaged' of the desired circle k 
under T should 1^ either a circle or a straight line, passing through 
the point M and orthogonal to the parallel lines A^i and /Cg- Clearly, k' 
must be a line (and not a circle). Since the line k' must pass through 
the fixed point M and must, be perpendicular to the two parallel lines 
K'x and A^a, it is uniquely determined^ Inversion by 7 takes the line k' 
into the dcStfed circle k. 
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Thus, in this case, if the point M is different from the point the 
problem has a unique solution. 

c. The circles and have no points in common. We clai^i that 
there is a point A on the tine of centers O2O2 ^nd an inversion T with 
center A (fig. 1.42) which transforms the circles and into a ^air of 
concentric circles. 

Let /be the radical-axis of the circles and ^a- Let 5 be the point of 
intersection of / with the line of centers OyO^. As we showed in sec. 1 .5, 
since and K'x have no points in common, the point S lies outside both 
circles and K^- We draw a tangent from S to the circle A'l, with point 
of tangency Tx* The circle K with center S and radius R = STi intersects 
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the circles ATi and orthogonally. For the circles Ai this follows 
immediately from the "construction, and for the circle it follows 
bwause the length erf the tangent from the point S to the circle is 
equal to the lengtlj^Zf the line segment 5Ti, which is the radius of the 
circle K. We let A and B denote the points of intersection of the circle. 
K with the line of centers O^Oi. The points A and B clearly do not lie 
on either of the circles Ki or ^a. 

The inversion T takes the following form: We place the center of T 
at the point A, and w»^take|he radius r to be equal to the length of the. 
line segment AB; that is/!i»= AB. 

The inversion T leaves the point B fixed ; takes the circle K into the 
line K', which passes through the point B and is perpendicular to the 
line of centers O^O^; leaves the line of centers 0^0^ invariant; and 
takes the oirclcs and into circles K'x and K'^, whose centers lie on 
the line O^O^ (fig. 1.43). Since the line K' is orthogonal to both circles 
ifi and A's, the centers of K\ and K'^ must He on K'. It follows that the 
centers of the circles AT'i and X'a lie on the point of intersection of the 
lines K' and O1O3— that is, that K'x and K'ri are concentric circles with 
oeater B. 
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Now we assume that the point M is distinct from the points^ >4 and B. 
Then Af its image under the inversion T, is also distinct from these 
points, If /c' is the image under 7 of one of^the desired circles k, then k' 
must be a line passing through the points B^nd M\ It follows that the 
line k' is unique. Applying the inversion T, we obtain the desired circle 
k. Thus, if the point M is distinct from the points A and B, the problem 
has a unique solution. If M coincides with the point B, then we can take 
any line passing through B for k\ In this' instance, then, the problem 
has infinitely rtiany solutions. 

If the point M coincides with the point A, the problem again has an 
infinite number of solutions. To show this, it is sufficient to do the above 
constructions with one substitution: we consider the inversion with 
center at B and radius r =^ AB. 

In this way, we have considered all the possible relative positions of 
the point M and the circles Ki and The problem has been solved 
completely. 

Problem 5. Given three circles Ku f^2. ^3* situated so that each lies 
outside the dther two, construct ail circles which are orthogonal to all 
three given circles. 



32 



Inversions and Pencils of Circles 



Solution, By the assumptions, the circles K^, K^, if^ are situated so 
that the radical axis of any pair of them separates the corresponding 
circles. Therefore, th^ pairs and K2, A'a and have radical a^ces A 
^ and I2 which are not coincident. 
There are two possible cases: 

a. The lines /j.and /a are -parallel Then the centers of the circles K^, 
K2 are collincar. The line on which Ihey lie is the solution to the 
problem, 

h. The lines /i and intersect at some point S. By assumption, the 
circles ATi*, K2, are situated so that their radical axes lie outside the 
corresponding pairs of circles. Therefore, we can draw tangents from ^ 
the point 5 to each of the circles Ku /Cal^a- All |he tangents have equal 
lengths. Let ST^i be a tangent to the circ^/^i (where is the point of 
tangency) and let r be the length of the tangent. The circle with center at 
5 and radius r is clearly the circle we are seeking. 

From these considerations, it follows that the problem always has 
only one solution. We leave it to the reader to verify this fact. 



1.7. Peuciis of Circles- 

If Ki and are tw^ circles in the plane, the set of all circles orthog- 
onal to Ki and K2 is called the pencil of circles produced by Ki and K2 
and is denoted by ^(A:^, ^2). Often, if the circles and'A:^ do not play 
an important role in the pencil produced, we denote the pericil simply 
by P or Q, Since we decided above ^o consider straight lines as special 
cases of circles, straight lines, as well as circles, can enter into the produc- 
tion of pencils. 

We now consider three pencils arranged in the simplest ways. These 
pencils arise from special arrangements of the circles Kx and 

1. ICx and K2 are concentric circles with common center In this 
case, the pencil P{K^^ K^) is clearly the set of all straight lines^ passing 
through the point B (fig. 1.44). This ^*ncil is called an elementary 
elliptical pencil, 

2. K, and K>2 are straight lines mtcrsccting ^1 the pi^inl B. The pencil 
P{Ku A'a) is clearly the set of all concentric circles with common center 
B (fig. 1.45). This pencil is called an elementary hyperbolic penciL 

3. A\ and /C2 are parallel lines. The pencil P{Ku A:2)^'iearly consists of 
all the lines perpendicular to the lines A\ and A'2 (fig. 1.46). This pencil 
is called an elementary parabolic pencil 

We now consider how the various^Mementary pencils differ from one 
another. > 

y "in 
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Fig. 1.44 Fig. 1.45 
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Number of common points in the' 


Type of pencil 


circle Kx and ^ 


Elliptical 


0 


Parabolic 


1 (the point at infinity) 


Hyperbolic 


2 (the point B and the point at infinity) 



Since circles (including lines) can have no more than two points in 
common, it 4s Clear that there are in some sense only three different 
*^types'* of elementary pencils. 

More precisely, we shall show that for any ptir of circles and ^3 
we can transform the pencil P{Kx, into one of the three elementary 
pencils by application of a properly chosen inversion. Furthermore, 
since inversions are one-to-one transformations, any pencil P can be 
transfofmed by an inversion into an elementary pencil of only one 
definite type. For example, if the inversion T takes the pencil P{Ku ^a) 
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into the elementary elliptical pencil P\ their no other inversion Ti can 
take it into a parabolic or a hyperbolic pencil P^- This can be demon- 
strated as fqllows: If Ti takes PiKu into Pi, then, on the basis of 
theorem 1*1, takes P^ into P(^Cj, K^. We let 

Then ' . 

Since P' is an elementary elliptical pencil, and Pi is an elementary 
parabolic or hyperbolic pencil, K'x and K*^ are concentric circles, and K\ 
and K\ are intersecting or parallel lines. Let S be the transformation of 
the plane which consists of the successive applications of the two 
inversions Ti and T. ^t lines K\ and which have at least one 
common point C?«, are carried by the transformation 5 into the circles 
K\, A^2, which have no pointy in common; this is impossible, since the 
figures S(/CD - TiJAK'^) - K\ and SiK'^ = ATiiK^) = must 
have at least one point in commonp 

We arc now position to prove the following^ fundamental 
theorem, 

Theorem 1.10. a. If the circles Ki and have no points in common, 
then there exists an inversion or identity tra/isformaiion^Ti carrying 
P(Ki, K2) into an elementary elliptical pencil. 

b. If the circles and K2 have a unique common pointy then there 
exists an inversion or identity transformation carrying PifCu ^a) ihto 
an elementary parabolic pencil. 

c. If the circles Ki and have two common points, then there exists 
an inversion or identity transformation Tq carrying P{Ku KQ^.into an 
elementary hyperbolic pencil. 

The proof of theorem 1.10 is closely related to the constructions we 
performed in sec. 1.6 in the solution to problem 4. Subsequent^on- 
structions will depend on the following lemma. 

Lemma 1.2. Suppose the inversion T carries the circles Ki and Kq into 
the circles K[ and K2 respectively. Then the image of the pencil P(Ku Kg) 
under T is tfie pencil PiKi^K'^). 

Proof of the lemma. Since any inversion preserves the orthogonality 
of circles, the image of PCA^j, K^) under T is contained in the pencil 
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P(Ku Jf'a). Therefore, to prove that the image of PiKu K^d coincides 
with the pencil P(A:'i, A'^, it is sufficient to show that the pencil^i, K'^ 
is contained in the image of PC/Ti, K^; that is, that for any circle «^f 
the pencil P{K'i, K'^, there is a.circle k in the pencil PiKi, such that 
Tik) = k'. If k' is a circle in P{K'u f i). let * 

= Tik') ' 

, ■■ : i . 

The circle is orthogonal to and K2 and thus lies in the i»ncil 
P(Ku ^a)- Since an inversion executed twice in succession is the identity, 
transformation, we obtain 

r(jt) =. nnk')) = k', 

and the lemma is proved. 

1 . Proof of statement a. Let and ^3 be two circles having no points 
in common. If K{ and K3 arc concentric, PiK^, K3) is an elementary 
elliptical pencil, and we may choose Tx as the,identity transformation. 
The interesting case is that in which the circles are not concentric 
(fig. 1.47). One of the circles, Kj, or K^, may be a straight line (but not 
both, since then Kx and would have at least one point in common, 
the point 




^ (a) . (b) 

Fig. 1.47 



First, suppose that neither Ki nor is a straight line. Let 5 be the 
intersection of the radical axis / with the line of centers OjOa of the 
circles Kx and (constructing the point 5 and the line / as in sec. 1.5). 
The line / and, consequently, the point S lie outside both circles /Ci and 
K3; therefore, we can draw tangents SQx and SQg from the point Sto 
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the circles Ki and (with and Q2 the corresponding points 6f 
tangency). The point S lies on the radical axis of and K2 ; therefore 
SQi = ThQ circle A^, with center S and radius a - SQu intersects 
. Ki and K2 orthogonally. Let A and B be the points of intersection of K 
with^the line of centers OjOq- 

We define the inversion Ti torhavt center A and radius AB. In 
problem 4 of sec. 1 .6, it was pjjpved that the inversion transforms the 
circles Ki and /Ta intt) concentric circles K'^ and with common center 
£. By the lemma, the pencil of circles fi{Ki, K2) is taken by the inversion 
Ti into the pencil'/'CA^i, A:^, which consistsj^all lines passing through 
the point 

Thus, the inversion Ti transforms the pencil PlKi, K2) into an ele- 
mentary elliptical pencil. 

It remains to consider the case when one of the circles, say is a 
straight line (fig. 1.48), Since Ki and ^2 have no points in commoii, Ki 
lies outside /lsT We tonstruct a line m through O2 perpendicular to Ki^ 
and let S be the point at which m fntersects Ki. We construct further a 
tangent SQ2 to K2. Let be the circle with center S and radius lt= SQ2, 
and A and B the points of intersectio'n of K with the line The inversion 
Ti having center A and radius r = AB leaves the point B fixed, leaves 
the line m invariant, and takes the circle K into the tine K\ which 
passes through the point B and is perpendicular to the line m. 

The line A'l does not pass through the point A, and the circle is 
orthogonal to the line Ki and the circle Therefore, the images of A'l 
and K2 under Ti will be the circles K\ and K2, whose centers lie simul- 
taneously on the lines A^' and m; that is, K\ and A^g^re concentric circles 
with center B. It follows (by the lemma) that the image of the pencil 
P{K^, K2) is the elementary elliptical pencil P{Ku A:^. 

Thus statement a is completely proved. 

Proof of statement b. Let A:i and A'a be two circles having exactly one ^ 
point A in common (fig. 1.49). If both Ki and A:^ are straight lines, they 
must be parallel, since they can have no common points otfier than 
In this case, then, P(A^i, K2) is already an elementary parabolic pencil, 
and we can choose to be the identity transformation. 

If neither Ai nor K2 are straight lines, or if only one of them (say K^) 
is a Straight line, ^e may choose any inversion T2 with center A. 
Afi and Ar2.are transformed by T2 into parallel lines K\ and A^^; thus 
the image PiK\, K'r^ of P{Kx, K2) under T2 is an elementary parabolic 
pencil. 

This completes the proof of statement b. 

Proof of statement c. Let and A'a be two circles having two points 
A and B in common (fig.* L50). If both A:; and A'a arp straight lines, then 
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they have exactly one point of inters«rtion otlwr than the point 0„, and 
P{Ku A'a) is already an elementary hyperbolic pencil (so that we may 



choose to be the identity transformation). 
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Fig. 1.48 





(a) 



(b) 



Fig. 1.49 



(c) 



If at least one of and is not a straight line, let T3 be the inversion 
with center A and radius r ^ AB. Then the images of and K2 under 
Ta will be the lines K'-^ and K'^ intersecting at the point B (fig. 1.51). It 
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follows that the image PiK[, /f^ of PiKu ^a) under is an elementary 
hyperbolic pencil 

Thus statement c is proved, and the proof of theorem iJO is complete. 

We now introduce the following definitions: 

The pencil P{Ku ^2) produced by the circles A^i and is said to be 
elliptical if the circles A^^ and K2 have no points in comrhon. 

The pencil PiKu ^2) is said to be parabolic if the circles Ki and 
have exactly one common point. 

The pencil P^K^ K2) is said to be hyperbolic if the circles A^^i and A:^ 
have two common points. ^ 

Theorem 1.11. Every elliptical pencil can be obtained fror^t some 
elementary elliptical pencil by the application of cm appropriate inversion 
or identity transformation. 

Tfieorem 1.12. Every parabolic pencil can be obtained from some 
elementary parabolic pencil by the application of an appropriate inversion 
or identity transformation. 

Theorem 1.13. Every hyperbolic pencil can be obtained from some 
elementary hyperbolic pencil by the application of an appropriate in- 
version or identity tninsf or motion. 

The proofs of theorems 1.11,^ 
1,12, and 1.13 follow immediately 
from theorem 1.10 and the fact 
that two successive applications of 
the same inversion yield the 
identity transformation oh the 
plane. 

The point A is called a node for 
the pencil P if all the circles of P 
pass through A. The point A is 
called an origin for the pencil P 
if there exists a sequence of 
Fig. 1.51 circles of P contracting into the 

point A. 

From the construction of tne elementary elliptical pencil and theorem 
Ml, we find that everj elliptical pencil has two nodes aud^o origin. 
On the other hand, by theorem 1.13, every hyperbolic penciPhas t,wo 
origins and no nodes. 

Let be a nonelementary parabolic pencil. This pencil is obtained 
-from 'same elementary parabolic pencil P\ consisting of a class of 
parallel lines, under transformation by an inversion T. Let A be the 

\ 
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center of the inversion T. It is not hard to see that P is thq set of 
drcies mutually tangent at the point A, including the conunon tangent 
"bf all the circles at the point A (fig. 1.52). Thus, the pencil P has one 
node and one origin, both of which are the point A. Operating on the 
pencil P hi/ the inversion T, we obtain the elementary parabolic pencil 
P', for which the point 0« is both the only node jand the only origm. 
From tia above discussion, we obtain : 

Theorem 1.14. The total number of nocks and origins for any pencil 
is two. , 

The pencil P is said to be orthogor^il to the pencil Q if any circle in the 
pencil P is orthogonal to any circle in the pencil Q, It is obvious that, if 
the pencil P is orthogonal to the pencil g, then, conversely, the pencil 
Q is orthogonal to the pencil P. 

We now consider pairs of orthogonal 
elementary pencils. If P is an elementary 

§ elliptical pencil, that is, the set of ^11 
lines passing through some point 
then the set of all circles orthogonal to 
the circles of P is clearly an elementary 
hyperbolic pencil consisting of all 
concentric circles with center B (we 
adjoin to Q the point B and the point 
which are the origins of -g). It is 
easy to see that, conversely, the pencil Q 
is orthogonal to /S and in addition, that 
the^jiodes of P are th? origins of Q. 
If P is an 'elementary parabolic 
pencil — a set of parallel lines together 
Fig. 1.52 with the point C?«— then the pencil 

obtained by rotating P through a right 
angle, will be orthogonal to P, and conversely. Thus the nodes and 
origins of the pencils P and Q coincide at 0«. 

Kr^ the abdve discussion and from theorems l.U, 1.12, and 1,13, 
we oolain the following theorem; 

Theorem 1.15. For every pencil P there exists one and only one 
orthogonal pencil Q. If P is an elliptical pencil, then Q is a hyperbolic 
pengih dnd conversely: the nodes of P are the origins of and conversely. 
If Pis a parabolic pencil, then Q is also a parabolic pencil. In this case, 
the nodes and origins of the pencils P and Q coincide at a single point A. 
The pencil Q is obtained from the pencil P by rotating the pencil P 
through a right angle about the ppint A, 
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1^ ^m!tiire of IB EI%tiaa Pencfl 

THEOgpa 1 , 1 6. Et>ery elliptical pencil P is the sei of ail circles imssing 
throiigh^me two fixed points, -v.^ ^ ^ 

Proof If P is an elementary elliptical pencil with node J, then P is 
the set of all circle passing through the jHjints ^ and Opo- If P is non- 
elementary, there exists an elementary elliptical pencil P* and an in- 
version T (sec theorem 1.1 1), carrying the pencil P' ^o the peifcil P. 

P! is the set of straight lines passing through some point B' (fig, 1.53). 
Let ^ be the center of the inversion T. Then A and are distinct; if 
not, the inversion T would cany the pencil into itself, and P i^ould 
be elementary. Since the image erf the pencil P' under the inversion T is 
the set of circles passing through the points A and B = T{B^X the 
theorem is proved. 

CoRWXARY 1. The points A md B are nodes of the pencil P. 

^ Thus, every elliptical pencil can be defined as the set of circles passing 
through two fixed iK>ints (no^^f the pencil). It follows that the nodes 
uniquely define the elliptical Aencil. * 

If one of the given nodes is the point at infinity, the elliptical pencil is 
elementary. 

Q^o^ARV 2. Let A and B be the nodes of the pencil P. Tffen the 
straight fine A B is an element of the peitcil P. 

If A and B are ordinary points, then the line AB is the only straight 
line in the pencil P (all the other elements of P are circles). It is easy to 
see that the line AB is the radical axis for any pair of circles in the pencil 
P. Therefo^(|fche line AB is called the radical axis of the pencil P. 




Fig. i.53 
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Thus, a honelcmcntary elliptical pendl is the set of all **rcal** drclcs 
passing through two fixed points, and the conimon radical axis of all 
I^rs of circles taken from this set. As noted, this radical axis passes 
through the nodes of the elliptical pencil. 

If one of the points A and 5, say A, is the point at infinity, then the 
pencil P consists of all straight lines fussing through the point B. In this 
case, the uniqueness of the line AB disappears, and, cx)nscquently, for 
an elementary elliptical pencil the concept of a radical axis becomes 
meaningless. Thus, the presena of exactly one straight line in an 
elliptical pencil is a n«;:«sary and sufficient condition for the* pencil to 
he nonelementary* 



1.9. Strwture of a Parabolic P«dl 

Theorem 1.17, Evefy nonelementary parabolic pencil P is the set of 
all circles tangent to one another at some fixed point. 

Proof Since^ P h nonelementary parabolic pencil, there exist an 
elementary parabolic pencil P' and an inversion J (see theorem 1.12) 
carrying to P. P' is a class of ihutually parallel lines to which is added 
the point at infinity. Let ^ be the center of the inversion T, and / the 
straight line in P' passing through the point A. Then the. inversion T 

leaves / invariant and transfortns all 
other lines of the pencil P' into 
circles tangent to / at the point A 
(fig. 1.54). Since the image under T 
of the point 0« is A, it follows that 
the pencil P is the set of all circles 
tangent to one another at the point 
A, and that the point A is the origin 
of the pencil P. Ti^is proves the 
theorem. ^ 

We note that if P is an elementary 
parabolic pencil, that is, a class of 
parallel lines, then P is a set of 
Fig. 1.54 circles tangent at the point Ooo- 

Corollary. The straight line I ^ an element of the pencil P. 

The line / is the radical axis of any pair of circles of the pencil P. 
Therefore, lis called the radical axis of the pencil P. 

It is clear from theorem 1.17 that every nonelementary parabolic 
pencil cart be defined by its node (of, since they are the same,' its origin) 
A and the radical axis / passing through that point. 
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If-the node of the parabolic pencil is the point at infinity, then it is*an 
elementary parabolic pencil, and isolation of a radical aiis is meaningless. 

Just as in the case of elliptical pencils, a necessary and sufficient 
condition that a parabolic pencil be nonelementary is that it contain a 
unique straight line, the radical axis of the pencil. 



Ln(R>r 



Dn (R<r) 



(R>r) 




* laO, Structure of a Hyperbolic Pencil ^ 

Hyperbolic pencils have a more complicated structure than the 
elliptical and parabolic pencils described in sees. 1.8 and 1.9. ^ 

Let P be an arbitrary non- 
elementary hyperbolic pencil 
From theorem 1.13 it follows that 
there exists an elementary hyper- 
bolic pencil P' and an inversion T 
which carries P' to P. The pencil 
jP' is the set of all concentric 
circles with a common center at 
some point B (fi^. 1.55). Let ^4 be 
the (^nter of the inversion T and 
r its radiui. From the proof of 
theorem 1.10, it is clear that, 
witW^ut loss of generality, r can be 
chosen as^the length of the line segment ABX^ox each positive number 
/?, let denote the circle with center B and* radius Let and Dr 
be the points of intersection of Lr with the line AB, with Ch (fig- J -55) 
regarded as lying to the left of the point B, and to the right of B. 
Let Kn (fig. L56) denote the image of the circle L/^ under the inversion 
1\ We first consider the case where 

R < r\ , . 

in this case both points and Dr lie to the left of the point A, Their 
images Cj^ and D'^, which are the points of intersection of the circle 
with the line AB, also lie to the left of the point y4. Furthermore, 

AC^ = r + R> r = AB > AD^'^^ r ^ R, ^ 

and, therefore. 



Fig. 1.55 



1 r + R 



- ACn < AB ^ r < 



AJ?n r-R 
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^ ' I. 

It follows that the point. Cs lies in the interior of the segment Bhf, 
where M is the midpoint of the segment AB\ that the point lies 
outside the line segment AB to the left of the point B; and, finally, that 
tj^e center of the circle is located at the point Q^, also lying to the 
left of 5, since 

AQu - —2 2 [j-^ + J^Tr) r« - ^ 

, If i? r, the circle ^ L^, passes through the point A (fig. 1,55), 
and$ince 

' • » 

the inversion 7 takes into the straight line Kr, which is perpendicular 
to the line segment AB at its midpoint M (fig. 1.56). 




,|1g. 1.56 



If /? > r, then the point Cr lies to the left of B, and the point Dr lies 
to the right of .4 (fig. 1.55). Since ■ 



r 



the point Cs lies in the interior of the line segment AM, and the point 
D'r lies outside the line scgnaent A Bio the right of A. The entire circle 
Kh thus lies to the right of the line A", (fig. 1 .56), and its center, the point 
^s, lies to the right of the point A, since AC'r < AiyR. This can be 
shown as follows: 



ACr^ 



< 



r -\- R R - r ADr 



^AD'n 



Let h{R) denote the radius of the circle Kr. 
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If iJ < r, then 

P 



2\r-R r + Rj 



(r + RXr - R) 



- As /? converges to r, it follows from formula (1.2) that h{R) increases 
* without bound. A simple visual picture corresponds to this: The circles 
^ Kr of the hyperbo!ict)encil P expand without bound as the parameter R 
increases^ 



[rom 0 tp r and, for R = r, become the straight linfe K,. 



\ 2 



2 \r + R R-rJ 



r^R 



{R - rXR + r) 



(1.3) 

It follows that as R approaches r from above, the circles Kr expand 
without bound and, for R = r, become the line Ky. If R increases 
monotonicall^ from r to +cx3, it follows from formula (1.3) that the 
circles contract (their radii approach zero): For R = +oo, the circle 
Kg becom^ the point A. 

The general form of a hyperboliofpencil P is represented in figure 1.57. 
We remark that the straight line K, is the radical axis of any pair of 
circles in the pencil P. (We leave the proof of this fact tp the reader.') 
The line Kr is thus called the radical axis of the pencil P. 




Fig. 1.57 

From the above discussion it is clear that a hyperbolic pencil is 
-completely specified by its origins or by one of its origins and its radical 
axis. 

If one of the origins is the point at infinity, then the pencil P is an 
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clen^ntary hyperbplic pencil; that is, a set of concentric circles. The 
concept of a radical axis loscis its mining for such a pencil. 

Since an elementary hyperbolic pencil contains no straight lines, a 
necessary and sufficient condition for a hyperbolic pencil to be lion- 
elementary is the presence of a straight line. As we know, in a non- 
elementary iiyperbolic pencil* this line is unique. ^ 



1.11. Ptoletny*s Theorem ^ 

In this section we shall inv^ti^c the probl^ of determining whep 
it is possible to pass a circle through four given points in a plane. It 
happens that this ^question can be partiall/answered with the help of 
the well-known theorem of Ptolemy from elementary geometry. We 
shall formulate and prove the theorem of Ptolemy a little later; first, 
let us consider the solution of the problem by means of inversions. 

LctA,B, and C be three noncollincar 
points in the plane. There is a unique 
circle K p^ing through these points 
(fig. 1.5S), Let r be an inversion with 
center A and' some radius r which is 
greater than the diameter of the circle 
K The image o\ the circle K under the 
inversion T will be a line k which lies 
completely outside of xK, since r is 
greater than the diameter pf A^. Let B' . 
and C denote, as usual, the ^ihages of 
the points B and C under T. The points 
5' and C clearly lie on the line k. Now 
we take an arbitrary point D in the'plane, and let £)' be Us image.^ If 
the point D lies on the circle K, the point D' willjie on the line k; if D 
does not lie on K, then D' will not He on k. Thefefoi^, in older for the 
four points A, B, C, D to lie on the circle A:, it is necessary and sufficient 
that the points B\ C, and D' lie on the line k. 

if the three distinct points B\ C\ and /)' are collinear, then the seg- 
meg,ts B'C\ C D\ and satisfy one and only one of the three 
relations: Hf^ 

B'D' + D'C ^ B'C \ 

B'C' + CD' = B'D' ; (1.4) 
C'B' + B*D' = C'/)' . 

2. Wc assume that th€ poim t) is distinct from the poinU A, B, and C. 




Fig. 1.58 
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if the three points 5*, C', and If are not collinear, then the mwiua^ty 



(1.5) 



hokis. 



% We shall now attempt to write the relations (1.4) and, (1.5) so thai 
* ihty do not involve' the points S\ C\ and D\ 

As a preliminary, we e^blish the following lemma: s 

Lemma 1.3. L^/ the mversion T with center O and radius r- be given. 
Let M and N be t,wo arbitrary points in the plane different from 0 and 
from the jwint 0«. Then > 



M'JV' ^ MN 



{ 

; where 



OM-ON 




M' = T{M)\ N'^TiN). 

Proof. By hmm^J^^ihe triangles OMN 
and QN'M' (fig. 1.59) are similai*, and, in 
particular, 

M'N' ^ OM' 
MN ~ ON ' ' 



Since OM' = r^lOM, we have 



M'N' = MN 



OMON 



and the lemma is proved. 
From lemma 1 .3, we have 



B'D' =^ BD 



ABAD 



, D'C = DC - 



, B'C = EC 



ABAC 



ABAC 
*. 

Thus, if the points A, B, C, and D lie on the circle K, the images of B, 
C, and D lie on the line k, and the relation 



BD- 



+ DC 



= BC 



ABAD ADAC ABAC 

.ii_^alid. CWe as5unie<..without less ofienetaliiy, that D' lies between B' 
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and C\) If the points A, JS, C, and D do not lie on the circle then the 
relation 

' J. .' ' ■ . * 

2 ' 3' 3 



is valid. 
It follows that 



BD AC + DC'AB = BC AD, 



if the points A^ Z) lie on one circle, and ^ 

+ DC AB > BC AD , 

if the points A, B, C, D do not lie on one circle. 
Thus, we have: 

Theorem 1.18. In order that tl\e four points A^ 5, C, D lie on pne^^ .^ 
circle and that the points A and D lie on different arcs with endpoints 
and C, It is necessary and siifficient that the equality ; ; 

0 

' BD AC ^ DC AB = BC AD 

satisfied , ^ * 

Since any quadrilateral A BCD inscribed in a circle A' satisfies tlje 
conditions of theorem 1.18, we have; 

Theorem 1.19 (Ptolemy's theorem). For every quadrilateral inscribed 
in a circlCy the sum of the products of the opposite sides is equal to the 
product of the diagonals. 



2.1. Geometric R^r^ratatjoo of Ccimi^ex Numbers aad Operations 

00 Them 

As we know, every complex number z ^ x + iy (where i is the 
imaginary unit defined by the relation = -1) can be conveniently 
represented in the Cartesian plane by Ihe ordered pair of coordinates 
(jc, y), (We assume that the coordinate axes of the plane arelixed with. 
* V origin O, as in fig. 2,1.) For every point M 

in the plane there is a unique .vector r with 
initial point O and terminal point A/. This 
vector is called the radius vector of the 
point Af , and the coordinates of the point 
M are called the coofdinates or components 
of the radius vector. Therefore, the com- 
plex numfc^r 2 ~ x + iy can bcv repre- 
sented geometriealiy by the radius vector 
Fig. 2.1 with caordinates {x^y^, . 

If 2; + iyi and Z2 = X2 + />2 are 
two complex numbers, and and fg are theif corresponding radius 
vectors, then the numbers Zx + and zx - Z2 ara defined by: 

2i + 22 ,(^1 + ^2) + i{yi + y^) 




On the other hand, from the definition of the rules for addition and 
subtractiqa pfvtyf^L^^^^ ;^we )rave in mind the parallelogram rule), it 
follows 't^'ft|^^^ and " ^-^^'^ — .a\^..*^. 



have coordinates 

+ ^^f^^^^^^J^ >'i respectively. Therefore, the 

addition ind subtr&tioa'jdr^^o complex numbers can be performed on 

'"-^' V 48 • 
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their radius vectors by taking the corr^ponding sum and difference of 
the radius vectors sxpresenting the given complex nunibeiis (fig, 2.2). 




Fig. 2.2 

The number z ^ x — iy is called the conjugpie of the number 
z = jc + i>. Let M be the endpoint of the radius vector r corresponding 
to the number z x + iy, and let Mi be Uie endpoint of the radius 
vector Fi corresponding to the rjiurabcr z — x — iy. Since the points M 
and A/i haVe as their >coordinates (x^y) and (x, -y) respectively. Mi 
can be obtained from M by reflection across tlje x-axis (fig, 2,3). 

Let z be some complex number and r its radius vector. Let jzj denote 
the length of the vector and tp the angle measured counterclockwise 
from the positive side of the x-axis to the vector r. The rea^ number \z\ 
is called the modulus of the Complex number z, and the angle <p is its 
ar^mehi. We shall often denote the modulus of z by p and the argu- 
ment of z by arg/, or 9 (fig. 2.4). It is obvious that for the complex 
number 2 = x + /y, ' ^ 

^ , X = p cos 9 

y ^ p sin y . 

Hence, ^ ' . ^ ^ ^ 

z = X + iy = p(cos 9? + / sin <p) . 

ThiJ expression of the number z = x + /> in the form 

z,= p(coS9 + /sin^) 

is called the trigonometric form of the complex number z. 
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( X 



Fig. 2,4 



Along with positive angles, measured counterclockwise from the 
positive side of the jc-axis, we introduce ndfative angles, which are 
measured clockwise from the positive side pf the x-axis. 

If f is the conjugate of the number 



then 



z = X + ly = f^co^ 9? + / sin <p) , 



p(cos 9 — / sin 93) 
= '/>{cos (—9?) + i sin (^9?)) 
= p(cos (277 — y)' -f / sin (277 



9. 



4. 



Thus, for the argument of the number 
f, wc can take either of the angles -9? 
or 277—9 (fig. 2.5). 

Since sine and cosine are periodic 
functions with period 277^ the value of 
the argument of a complex number z is 
defined up to an integral multiple of 277. 
' Therefore, it is convenient to select, 
from the values of the argument, the 
so-called principal value, which is con- 
tained within the interval from zero to 
277'(incltisive ofzero, but exclusive of 27r). 
In the following, unless sta;ted otherwise, we mean by the argument 
of a complex number z any angle cp satisfying z - p{cos 9 + / sin tp). 
Wc shall now consider the multiplication of com^^ numbers. 

5s 




Fig. l5 
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Given two complex numbers Zi; =^ Xi + iyi and Za = + iya, the 
product Zi ' Z2 is defined to be ^he complex number ^ 

Let us consider 4he g^metric interpretation of the operation of 
multiplication with the aid of the trigonometric form for complex 
numbers. Let ^ 

Zi = pi(cos q>x + i sin <pi) ; ^^^^ 

Z2 = PaCcos 9?2 + ^ sin 9?a) . 

Tlien 

z — ZiZa = PiPaKcos 9?! cos 92 — sin q>i sin 932) 

+ i(cos 9i sin 92 + cos 92 sin 9>^)) 
= PiPaCcos (cpi + 9a) + i sin (91 + 93a)) . 

In this manner, if the radius vector r represents the complex number 
z ^ Z1Z2, and the radius vectors and fa represent the complex 
numbers Zi and Z2, respectively, then the radius vector r is obtained 
from and T2 by the following operations: The radius vector is first 
rotated caunterclockwise by an angle of 9^2 if 92 > 0, on clockwise by 
an ajigle of -92 if 92 < 0; then, its length is increased by^ a factor of pa. 
In other words, if is the rotation of the plane around the origin by an 
angle of 92^ and jS^ is the dilation transfprmition with coefficient and 
celiter at the origin, then the vector r is obtained from the vector Ji by 
successive application of the transformations and In symbols, 

Of course, if the roles of Zi and are interchanged (complex mulnplica- 
tion is commutative), the analogous relation hblds: 

*We now turn to the geometric interpretation of the operation of divjding 
two complex numbers Zi pi(cos 9^ + / sin 9^) and — P2(cos'92 + 
/ sin 92). If z Z1/Z2 is the quotient of Zi and Za, then 

^ _ > _ pi (cos 9i -f ^in 90p2(cos 92 - / sin tpg) 
Za 'Za ~~ p^os 9a + ^ sin 92)p2(cos 92 - i sin 92) 

_ Pi (cos 9i + i sin 9i)(c os ( - 9^2) + ^ sin ( -92)) 
p2 (cos 92 -f / sin 92)(cos (-92) + /sin (-9^)) 

[cos {(pi — 92) + / sin (91 — 92)3 . 

Pa 
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m 

Thus, 

* z - - = ^ [cos - ipa) + / sin (9^ - 9)2)] • 

Let denote the rotation of the plane about the origia corresponding 
to the angle -9?2 and let ^1/^3 be the dilation transformation cditered at 
the origin with coefficient l/p^. Then the vector r is obtained from the 
vector fi by successive application of the transformations and 
V ^ i3i;^;thatis, ^ 

2.2. linear FunctioiH^ of a Complex VariabW and Elementary 
* ' Trai^ormatkms of the Plane 

Suppose every complex number 2 =^ x 4- is made to correspond to 
some complex number 2' = x' + // by some rule. Then we say^tWat 
for the set of all complex fiumbers, or, more simply, for the complex 
plane, the function of a complex 'variable 2' ^ f{z) is defined. A 
complex function whose rule of correspondence is given by the formula 

z' ^ f{z) - 02 + 

where a and b are fixed complex n\imbers, is called a linear function. 

Since complex numbers can be identified with points in the plane, 
every complex function can be considered as a transformation of the 
points of the plane. It is the ta^k of the prgsent section to describe such 
functions with the aid of the elementary transformations of the' plane 
investigated in sec, 1.1. 
FiriO, let • • 

• /(z) = ^ az + b 

" be a gives^inear function. If 0 0, then the function z' = his constant, 
since it assigns the complex number h to any ccrmplex number z. The 
transformation of the plane corresponding to the function /(z) thus 
takes the entire plane into the single point 
^ From here on, we shall exclude this trivial transformation from our 

considerations and assume that a ^ 0. 
Let ' 

• ■ « a - |flf(cbs 9) 4- / sjn 95) , 

• 

be rhe complex numbei>c .written in trigonometric form. Let r', t, and h 
denote the radius vectors 4;orresponding to l\k numbers z', z, and b 
\ respectively. Furthermore, iet he the dilation transformation with 
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center at the origin and coefficient \a\, and let be the rotation of the 
plane through an angle of 9 about the origin. Finally, let be the 
parallel translation of the plane by the vector h. It is not hard to see that . 
the point z\ the endpoint of the vector r\ is obtained from the point z, ^ 
the endpoint of the vector r, by successive application of the trans- 
formations /3|^j, and Yt- ^ f 
A linear function erf' the form ^ 

z[ ^ az + b I ' 

is often called a linear function of the first kind. As we have shown, a 
linear function of-the first kind on the plane corresponds to a trans- 
formation consisting of the succ^ive application of the transformations ^ 
of rotation about the origin, dilation with center at the origin, and 
parallel translation. Here, the rotation and the dilation are determined, 
by the number a, and the parallel translation by the number ^ 
We remark specifically on some special cases. 

a. ja] = 1, 6 = 0: rotation of the plane about the origin through an 
angle equal to the argument of the number a. 

b. a is a positive real number, b ^ 0: dilation transformation with ^ 
center at the origin and coefficient a, ' 

c. iz =^ J : parallel translation by the vector h, 
/ The function ^ * 

^ z' ^ az + b , 

is called a Unear function of the seconcl kind. We consider first the 
special case a = 1,6 = 0. The function - 

, ' 2'= 2 . 

takes each point z intlX^he point 2 symmetric to respect tq the ' 

Jt-axis; Tljus, the functipn • * 

/ • - - 2 ■ • 

"denotes the symmetry transformation with respect to the x-axis^ It is 
%asy to sec, that Jhe general linear functiqn of the second kind corre- 
"Sponds to a transfonrmation of the plane consisting gf successive 
application^ of reflection a(;ross the^;axis, Tcitation about the opigin, 
dilation with center at the origin, and pafall^Uranslation. Just as in^the 
case of linear functions of the fiVst kindNthe angle of rotation is equal to 
the argument of the number a, th^1^cefri£iem of the dilation is equal to 
the modulus of the number a, and the vector of the'parallel translation ^ 
is determined by the number b. ^ - 
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23. linear FmctioiuU FuDctkms of a Comj^x Vaiishle aid 
Related Pointwise Tnuisfonnatl<»is of ^ Plane 

Functions of a eomplcx variable^ given by the formulas 

,'==4±|, , (2.2) 

where a, b, c, d are fixed complex numbers and 
- - €ul - bc^ 0 , 

arc called, respectively, linear fractional functions of the first and second 
kind. 

We consider first functions of the form 



and 



z' = ^ 

z 



2 



(2-3) 



(2.4) 



svhere /• is some positive constant. 
Equation (2.4) can be written as : 

' _ '"'^ _ 
V ^ " It ~ lip'"' 

k ' • . 

It follows that the transformation of the plane corresponding to the 

function " • ^> 

z = — 

ft - 

carries the point z to the point z' lying on the ray determined by the 
radius vector corr<;sponding to z, and that the modulus of the numb^^r 
z is gwen by . * . \ \y 



Thus z' is obtained from z by an inversion with center at the origin and 
radius r. 



Linear FracHoml Functions 
Equation (2.3) c^n be written as 
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By reasoning analogous to that above, we can easily conclude that the 
function * - • 

' z = — 

J 

corresponds to the successive application of a reflection across the x-axis 
and an inversion with center at the origin and radius r. 
^ Wc have , , ^ 

. Tri»ij»REM 2.1. In^ tke complex plane, the inversion transformation T 
with radius r aM center d is given by the function 

■ ' "if 



z' = 



+ d. 



(2.5) 



Analogously^ the function. 



2 = 



Z - d 



4a 



\2.6) 



yields the iramformaUon'* obtained by the successwe application of the 
reflection across a line pdf-allel to the^x-axi^ and passing through the 
point d, and the inversion! Itith^ radius r and center d. 

Proof Suppose T is the inver- 
sion with radius r and center dy 
and z' IS tjie image of z under T 
' (fig. 2.6). By the definition of the' 
invprsion T, we have 

(2.7) 

^. 

Furthermore, the numbers z —^d 
and 2* - d must have equal 
arguments, since the fact that z 
and z' lie on the same ray with 
initial point d implies that z — d 




Fig. 2.6 
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and z' - d Xxt on the same ray vffth initial point at the origin. Thus, the 
numbers z' - d amd z - d have arguments differing only in sign, i 
Using the rule for multiplication of pomplex numbers in trigonometric 
form, we obtain • . 0 

{z' - d)iz - 3) = \z' - d\-\z - a\{cos 0 + I sin 0), 
■ ' : ^\z' ~d\-\z-3\. ■ * 

This equation, along with equation (17), yields^ 

z' - - 



-a 



Hence, 



z' = 



z^3 



The second part of the theorem can be proved analogously. 
Theorem 2.2. A linear fractiotK^l function of the second kind 



z = — 



az + b 
C2 + d 



with c 0 can be written as a transformation of .the complex plane 
consisting of the successive application of the following transformations: 

1. the inversion with center at the point - {Bjc) and radius I ; 

2. rotation of the plane through an angle equal to the argument of the 
number (be - ad)lc^; 

3. the dilation with coefficient equal to the modulus of the number 
{be - ad)jc'^ and center at the origin; 

4. parallel translation by the radius vector of the number ajc + 
{3{bc - ad)]lc''c. . 

Proof The linear fractional function (2.2) can be written as: 



z — 



Jl he — ad 



z 4- 



JO 



,2 



+ 



a ^ 3{bc 
c 



ad) 



C^C 



(2.8) 



The validity of theorem 2.2 follows immediately from formula (2.8). 

, Si 



ERIC 



Unear Fractional Fmctions 



57 



We have the analogous tteorcm foi^Jinear fractional functions of the 
first kind. Hie only difference is that between the inversion and rojtation 
\ransformations, there occurs a reflection across a line passing through 
the point -(d/c) and pamUel to the x-axis. \^ 

If the coefficient c is zero for the linear fractional functions (2J) or 
(2.2), they reduce to linear functions of the ^ype consjdcrcd in sec, 2,2. 



3 ^ Groupsof 

TraBsformatioas: 
Euclidean and 
' Lobachevskian 

Geometries 



In this compter we shall give a brief construction of the so-called 
Euclidean and Lobachevskum geometries from the poifitr of view of 
group theory. This approach to the study of various geometries was 
first proposed by the German mathematician F* Klein in 1872. 

3.1. The Gewtetry of a Group of Traosfonnatioits 

34 J. The concept of a group. One of the most fundamental concepts 
in algebra is that of a group. 

Suppose G is some set, the nature of whose elements is irrelevant. For 
example, the elements of G may be numbers, vectors, functions, 
traasformatioos, or some other objects. 

Now suppose that some rule of correspondence is given under which, 
some element r of G is assigned to each ordered pair (a, b) of elements 
from G. Then we say that there din operation defined on G, which is 
normally called multiplication and denoted by a dot. That is, if the 
element c of G is assigned to the ordered pair (a, b\ w,e wj * 

• c^ab. 

The element c is usually called the product of the elements a and b. We 
note that it does not follow from the definition of an operation that a b 
is always equal to 6 a. ^ - . 

Now suppose that an operation • is introduced on the set G. We say 
that G forms a group with respect to the operation - if the following 
|fc requirements (group axioms) are satisfied: 

' 1. The associative law; For any three elements a, b, and c in G we 
have the equality . ' 
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2. There exists an element e inG such that for any other element a 
of G the equality * 

ae = a - 

holds. The element e is called a unit element of the group. 

3. For any element a inG there exists an element x in tJ satisfying 

a-x =^ e , 

The element x is called an iftverse of the element a. 

We shall now verify a number of simple propositions which follow ' 
' directly from the definition ' Of a group, 

a. By axiom 1, no ambiguity results when we denote the group \ 
element (a /?)-^^ a-ib c) simply by a b-c. 

b. If ^ is a unit element of the ^oup G, then for any clement aof G 
we have 

ea = a. ' 
Furthermore^or every element a in G with inverse the equality 

xa ^ e , 

as well as the postulated equality ' v 

a-x - ^ > 

holds 

Let us prove proposition (b). If y is an inverse of x, that is, a group 
element satisfying • .. . 

x-y - e\ 

then 

:= X'{a^x)'y -= x-e-y 
=^ xy = e , 

which establishes the second part of our assertion, along with the fact 
• that a is an inverse of its inverse x. Furthermore^ 

e-a — (a x) a = a {x'a) =^ a-e = fl, 

by what we have just proved. This completes the proof of assertion (b). 
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In thp group G, each of the equations 



(3.1) 



and 



= 6 



(3,2) 



have unique solutions in x. 

It is not hard to see that if g is an inverse for a, then the elements 
g*b and b g are solutions to equations (3.1) and (3,2), respectively. To 
show that thefe solutions are unique, suppose, for example, that 
equation (3.1) has solutions Xi and Then, since 



where g is an inverse of a, Jhe proof of uniqueness 'is completely 
analogous for equation (3.2). ' 

We note that by virtue of assertion (c), the unit element e and the 
inverse of a given element a are unique, since all unit elements are 
solutions to the equation a-x = a,and all inverses of a are solutions to 
the equation a-x We may therefore denote the unique inverse of 
.a by a"^. 

A subset H of the group G which is closed under the operation in the 
group G and satisfies the three group axioms with respect to that 
operation is called ^i^subgroup of the group G. Clearly, every subgroup 
contains the unit element of the gro^p and the inverse of each of its 



elements. 

We shall now present some examples of groups. 

1. The set of all integers forms a group under the operation of 
addition, if m is some irlteger, then the set of all integers of the form 
km, for A = 0, ± 1, ±2, . . forms a subgroup of this grbup. 

2. The set of all nonzero real numbers forms a group under multi- 
plication. The set of all non^ro rational numbers forms a subgroup of 
this group. 

3. The set of all radius vectors in the plane forms a group under 
addition. The set of radius vectors lying on one line through the origin 
forms a subgroup of this group. 

4. The set of all nonzero complex numbers forms a group under 
multiplication, The sef of all complex numbers of modulus one and the 
set of all nonzero real numbers are two of its subgroups. 



axi = 6 === a-Xa, 



we have 



x^ = g a Xi ^ g b ^ g'Q X2 = X2, 
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3 AX The group of (rofisformations of a set. Let Af an arbitrary 
ndn-empty set. A rule of correspondence / which assigns an element x' 
= f{x) of M to each element x of M is called a transformation of the 
set Af into itself. The element x' is called th« image of x under / 

The set of all images x' = /(x), as x runs through M, is denoted by 
f{M). It is obvious that fiM) either coincides with A/ or is a proper 
(and non-empty) subset of M. ' 

The transformation / of the set M into itself is called a one-to-one 
transformatibn of M onto itself \f it satisfies the following two conditions: 

1. Different eh^ments Xx and Xa of the set M corresf)ond to different 
images /(xi) and /(xa). 

2. The set f{M) coincides with the set Af. 

We shall consider below jonly one-to-one transformations of the set 
M onto itself, which will be referred to simply as transformations. 

Let /be a transformation on the set A/. Since fiM) = Af, we know 
that /or any x' in M it is possible to find a unique x in A/ satisfying 

' -/(X) , 

(the uniqueness o£ x arises from condition 1 above). Thus a rule of 
co^respondence g exists Which assigns to each x' in A/ the unique x 
satisfying ' ^\ .; 



. we may write 




It is easy to show that g is itself a transformation and is uniquely 
determined by/; it is called the inverse of/ and i^ denoted hyf'K 

Let /i and /^ be two given transformations. Then the* successive 
application of/i and/g defines a new transformation /on Af given by 

fix) -^Aifiix)). 

The transformation / is called the composition or product of the trans- 
formations/i and and is denoted /^ / (the transformation written on 
the right side of the dot is always carritd out first). The composition of 
transformations, generally^peaking, depends on the order in which 
they are performed; that is^ general,/2(/i(x)) need not equal /<y2(x)). 

The^ transformation e defined by ^(x) = x, which leaves all elements 
of M fixed, is called the identity transformation. If / is a given 
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■? 

transfonnation and/"^ is its inverse, then it is easy to see that for any 
X in Af the relations 

fif^Kx)) = X - e(x) ; /' VW) = X - e(x) 

are valid. ^ 
We have: 

Theorem 3,1. The set of all transformations of a set M onto itself 
forms a group mder the operation of composition. 

Verification of the groups axioms in this instance is ve^ simple. 
1- If /i?/2, and/a are transformations of the set A/, then 

' if^f^fi-^hifrfx)^ 

It is easy to show that both the left and right sides of the above equation 
reduce to the transformatioW defined by/(:^c) = /sLfaCAW)]- 

Consequently, tlie composition of transformations always obeys the 
associative law. 

2. The identity transformation e plays the role of the unit element of 
the group. For any transformation /on M and any element x in M, wo 
have 

It foliows that/-e =/. 

3, For any transformation / there exists a transformation g such that 

fg = e. 

We need only take g = f''^. 
Thus the theorem is proved. 

The group of all transformations on the set M will be denoted by 
• G{M). 

Any subgroup of the group G{M) will be called a group of trans- 
formations on the set M. A nonempty subset // of GiM) is a subgroup 
if the following two conditions hold: (1) the composition /a /, of any 
two elements f and f^ of // is contained in //; (2) the inverse/"' of 
any -element /of // is contained in //.These conditions are sufficient, 
since the associative law always holds oji any subset of G(A/). and since 
a nonempty subset H must contain some transformatioii/, arW thus the 
Upnsformations/-' and//-' = e if conditions (1) and (2) are satisfied. 
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3.13. The geometry of a group. Let Af be some set of arbitrary 
elements, and a group of tran^ormations on Af. 

In the interest of visualization, we shall caU Af a space, and its 
dements points. A set of points will be called a figure. 

A figure A is called equivalent to a figure JS if there e^sts a trans- 
formation/on the group H carrying A onto B. 

This relationship of equivalence of figures has the following im- 
portant properties: | ..... 

1. Every figure A is equivalent to itself. 

The unit element of the group W~the identity transformation of the 
set M onto itself— carries A onto A. / 

2. If the figure A is equit^lent to the figure B, then the figure B is 
, equivalent to the figure A.^ 

Actually, if the figure A is.qarried onto 5 by a transformafion/from 
the group //, then, since the inverse/"^ off also lies in //,/"^ carries 
the figure 5 onto the figure ^. 

3. If the figure A is equivalent to the figure B, and the figure B is 
equivalent to the figure C, then the figure A is equivalent <o the 
figure C. J 

If the transformation/in // carries A onto 5, and the transformatioa^ 
g takes B onto C, then the transformation g-/ca'rries A onto C; and 
since g"/ lies in //(// is a group), A is equivalent to C ; 

By virtue of properties-!, 2, and f, the equivalence irelation divides 
the set of a^I figures into equivalence classel, with each figure lying in 
one and only one class. 

Definition of a geometry from the point of view of group theory, as 
proposed by Klein, involves consideration of certain . ^^ome/r/r proper- 
ties and measurements of figures irfa space Af which are invariant under 
all transformations from a given group //, and art thus identjcal in all 
equivalent figures. " , 

The set of all properties and quantities invariant under transforma- 
tion by elements of a group H is called the geometry of the group H. 

Klein's idea of regarding different geometries* as sets of invariants 
under corresponding groups has made it possible to disclose fundamental 
relations anu>ng various geometries- -projective, affine, Euclidea^n, and 
Lobachevskian — which were constructed and studied around 1880. The 
reader can find a detailed presentation of these matters in N: V. Efimov\s 
book, Vysshaya geometriya [Higher gfeometry]. , 
^ In the next two sections we shall show how the geometries of Euclid 
and Lobachevskii can be constructed from the point of view of group 
theory. 
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3tl. Eudidean Geometry 

Wc shall restrict our consideration of Euclidean geometry to the 
nlane. In sec. I.i we studied, in the Euclidean plane, motions which 
cculd be represented as one-to-one transformations of the plane which 
pn serve distances between points, the so-called isometries. The corre- 
spi nding sets of equivalent figures consist of those figures which can be 
transformed onto one another by isometries. The fact that the set of 
isometries is a subgroup of the group of transformations on the plane 
is easily verified. First, suppose that / and g are isometries. Then the 
tr^sformation A = gfh also an isometry. The transformation h is 
o^rly one-to-one and onto; and if d{X, Y) denotes the distance 
betw(^n the points X and Y in the plane, 



for any points A and B in the plane. Furthermore, if /is an isometry 



Thus, the isometrics form a group of transformations on the plane. 
The geometry of |his group is called the Euclidean geometry of the 
J)lane. 

Since any isometry (see sec. 1.1) is the composition of rotations, 
parallel translations, and, possibly, rcfiectiojis across lines {in this 
connection we are allowing rotation through a zero angle and parallel 
translation by a /tro vector, which result in the identity transformation), 
Fuclidean geometry ' can be defined as a set of propositions about 
properties of figures and quantities which are invariant under all possible 
rotations, parallel traiislations, and reflections across lines, as well as 
compositions of these^ transformations. 

In sec, 2,2, usmg the identification of points in the Fuclidean plane 
with coimalex numbers, wc showed that linear functions of a complex 
variable of the first and second kinds, 



diKA), KB)) = d{g{f{A)\ gifiB)}) 
= dif(A),f{B)) 
= diA, B) 




(3.3) 



= az + b ^ 



(3.4) 



/ > 
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determine one-to-one transformations of the plane, which are isome- 
trics if the modulus of the number a is one. We shall prove that, using 
functions of the forms (3.3) and (3.4), it is possible to specify any 
isometry of the plane. In fact, let /be any isometry of the plane. We 
may write 

or f^S'P'g, 

where g is a rotation through an angle a about the point D - {dx, ^^a), 
^ /? is a parallel translation by the vector OB with coordinates (6i, f?a), 
. and 5 is a reflection across the line /, passing through the point C =^ 
' {cu ^2) making an angle y with the positive direction of the x-axis. 
The rotation g corresponds to the linear function 

= Giz) = a(z - d) + d, 

where ^ 

a = cos a + / sin a ; d — di + ida - 
The parallel translation p cqrresponds to the linear function 

where 

b ^ bx + ibr2 - 

Finally, the reflection 5 across the line / corresponds to the linear 
function 

i 

z' - 5(2) - u{z - c) + c , 

where ^ ' f 

u ~- cos 2y \- i sin 2y ; C = Ci + ic^ ; c ^ Cj -^c^ , 

We leave it^ to the reader to convince himself of the validity of these 
facts. 

Thus, the function /in the case when / p g has the ^rm . 
z' ^ P{G{z)) = G{z) + b ^ a{z - d) + d + b ^ az d + h - ad , 
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or» finally^ 41^^ ^ *^ 

z' ^ az + {d + b - ad), 

where 



If/= 5 p then the corresponding function has the form 
2' - SiPidz))) ^Siaz + id + b-ad)) 



^liaz + (d + b - ad)) - ^] + c 

(02 + ( J + £ - uJ) - C) + C , 

or, finally, 

=5 iua)z + {u(3 +B-a3-€)fc), 
with 

\ud\ « jcos (2y - a) + /sin (2y - a)| 1 . 
From these considerations arises: 

Theorem 3.2. There exists a one-to-one correspondtnce between the 
isometries of the Euclidean plane and linear functions of a complex 
variable of the first or second kind 

z = az + b 

and *^ 

z =^ az + b , 

such that \a\ = I ; in addition, if the isometry f is the composition of 
isometries f and /a, that is, 

with F(z) the complex function corresponding to f f\{z) the complex 
function corresponding to f, and FaCz) the complex function correspond- 
ing to /a, tfien 

Fiz) ^ F2{Fxiz)) . ' (3.5) 



Specifically^ if 
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(3.6) 
(3.7) 
(3.8) 
(3.9) 



thcn,,corres 



/'a(Fi(r)) = < 



03/^1(2) + 6a = 



fflafliZ + (0361 + 62) , 
[a^atz + (fla^i + ^a) ; 
r flaflif + (fla^i + ^2) » 
! flafliZ + (fla^i + 6a) . 



(3.10) 



The-compositions of functions (3.6), (3.8) and (3.7)^.9) yield linear 
functions of the first kind, while the compositions of functions (3.6), 
(3.9) and (3.7), X3.8) yield linear functions of the second kind. The 
modulus of the coefficient of z and z in all four functions, clearly, is 
equal to one. 

The formulas (3.5)-(3.I0) yield, for every pair of complex linear 
functions F^iz) arid F2(z), a corresponding complex linear function F(2) 
which we shall call the composition of the functions Fi(r) and ^3(2) and 

denote by (Fa - FiXz)- 

With respect to the operation of composition, the set of linear 
functions of the first and second kinds forms a group. Verification of 
this fact is extraordinarily simple. From the very definition of com- 
position it follows that the associative law is obeyed. Furthermore, the 
function F(r) = z, corresponding to the identity "transformation on 
the plane, piaysfthe role of the unit element of the group, and finally, 
the function 



rl 

- z 
a 



1 _ 

Z 



h 
a 



a 



if F{z) = ax + b, 
if Fiz) ^ az + b. 



(3.11) 



satisfies 



that is, Qiz) = F \z). 

Let us consider the set of all linear functions of the first and second 
kinds, in which the coefficient of the variable z has modulus one. From 
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the formulas (3.10) for the composition of linear functions and formula 
(3.1 1) for the inverse of a linear function, it foilows that this set forms a 
subgroup of the group of linear functions, introduced above. This 
subgroup will be denoted by E. Clearly, Eis a group of transformations 
of the set of complex numbers. 

From all of the considerations above, we obtain the following 
theorem : 

Thhorfm 3,3. The set of invariants under the group E is the Euclidean 
geometry of the plane. 

3 J. Lobacbevskian Geometry 

In the first half of the nineteenth century the Russian mathematician 
N, L Lobachevskii solved the difficuh, centuries-old problem of the 
independence of the. axiom of parallelism from the other axioms of 
Huclidean geometry. The new ideas developed in Lobachevskii's work 
exercised an enormous influence on the subsequent development of 
mathematics. 

The system of axioms underlying Lobacbevskian geometry is ob- 
tained from the system of axioms for Euclidean geometry by replacing 
the axiom of parallelism with a new axiom, which is a statement 
contrary to the Euclidean axiom. The new axiom is formulated a« 
follows; *'ln any plane a containing a line a and a point A not lying on 
a, it is possible to pass at least two distinct lines a and a\ having no 
poinTs in common with the line a, through A.'^ 

We shall present below one of the interpretations of Lobacbevskian 
geometry presented by the French mathematician Poincare. 

We consider some straight line / in the Fuclidean plane. Without loss 
of generality, we can assume that the line / coincides with the .v-axis. 
Wc shall call' the set of all points (x, ,v) of the plane whose ,v-coordinate 
satisfies the inequality y > 0, the upper half plane. 
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The points of 'the upper half plane aire taken as the points of the 
Lobachevsjcian plane. We remark that the points of th^ x-axis are not 
points of the Lobachevskian plane. Euclid«in half-circles with enters 
on the X-axis and Euclidean rays with vertices on the x-axis which are 
perpendicular to the axis are regarded as lines in the Lobachevskian 
plane (fig. 3.1). 

Two figures A and B are considered equivalent if there exists aifinite 
number of transformations 9^, 92,... each of which is an inversion 
with center on the x-axis or a reflection across a line perpendiciilar to 
the X-axis, such that the transformation/ = (pm-Vm-i W^akes 
the figure A onto the figure B. | 

It is evident that in Poinbar^'s 
interpretation, Lobachevskii's ax- 
iom is fulfilled (fig. 3.2). We leave 
it to the reader to convince himself 
of ^e validity of Lobachevskii's 
axiom in the. cases not represen- 
^ ted, in figure 3.2. 
Fig. 3.2 * L€t denote the upper half 

plane, and let H be the set of all 

transformations of the form 

92 '9^1 is any natural number), 

where 9^, . . . , 9^ are inversions with centers on the x-axis or reflections 
across a line perpendicular to the x-axis. 

From the properties of these transformations, we already know that 
each of these transformations carries the upper half plane onto itself on 
a one-to-one basis. Consequently, the set // consists of one-to-one 
transformations of the upper half plane W onto itself. 

We shafroow prove that // is a group of transformations on the set 
W. If / and g are in H and 

then, for the composition of the transformations /and g, we hav\Uie 
formula 

from which it follows that gi-/lies in the set 

\ 

1 
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Since tv/o successive iterations of the same inversion oj reflection <p 
reduoj to the identity transformation, it is obvious that 

and, consequently, the transformation . 

* is the inverse of the transformation ' ^ 

g ^ 9m'9m-i' • • ■ '9t * 

The transformation A, ol^viously, Ues'in H. Thus the set of transforma- 
tions H on the upper half plane forms a group under the operation of 
composition (see sec. 3.1,2). 

The transformations of the group /Tplay the role of isometrics in the 
Lob^chevskian plane W: they carry figures to equivalent figures in the 
sense of the above definition. 

Therefore, Lobachevskian geometry can be defined as the set of 
invariants under the- group^ of transformations H of the upper half 
plane W^. ■ • r 

In conclusion* we suggest that the reader carry out the very useful 
exercise of formulating Lobachevskian geometry with the help of linear 
fractional functions of a complex variable just as was done in sec. 3.1 
for Euclidean geometry. 

A detailed exposition of the questions considered in chapter 3 can be 
found in N. V, Efimov's Vysshaya geometriya [Higher geometry]. A 
detailed presentation of Lobachevskian geometry in the Poincar^ model 
can be found in A. S. Smogorzhevskii's hook, O geomeirii Lobackevskogo 
[On the geometry of Lobachevskii] (in the series ''Popular Lectures in 
Mathematics/' pamphlet 23). 



